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ABSTRACT

The exterior statistics-based boundary conditions or ESBCs have been developed as optimally effective
boundary conditions that can be applied to statistically equivalent representative volume elements or
SERVEs of heterogeneous microstructures for predicting homogenized response functions in Ghosh and
Kubair (2016). However the initial development was for nonuniform, but statistically homogeneous mi-
crostructures with no localized features like clustering. In this case, the radial distribution function S,(r) is
adequate for the statistically informed Green’s functions needed for the development of ESBCs. However,
when the microstructure includes statistical inhomogeneities in the form of fiber clusters or matrix-rich
regions, the distance-based radial distribution function becomes ineffective. This paper overcomes this
shortcoming by introducing the joint, distance (radial) and orientation-based two-point correlation func-
tions S,(r, 0) in the statistically informed Green’s functions needed for the ESBCs. The efficacy of the ES-
BCs is illustrated through validation simulations that compare its results with those generated by affine
transformation based displacement and periodicity boundary conditions. Additionally, comparisons are
made with the statistical volume elements or SVE methods. It is concluded that the simulations with
ESBCs prescribed on the SERVEs have a definite advantage over other methods in defining optimal sized
SERVEs without any iteration.

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

The behavior of heterogeneous materials including composites
depends on the microstructural composition, such as the mor-
phology of constituent and reinforcing phases as well as their
material properties. The overall response and property evalua-
tion of these materials for use in macroscopic structural anal-
ysis is often conducted by hierarchical multi-scale modeling. In
this process, direct numerical simulations (DNS) at the micro-
or meso-scales of the material is followed by homogenization to
generate effective constitutive models and parameters for higher
length-scale analysis. The DNS explicitly accounts for shapes, sizes
and locations of heterogeneities in the microstructure. Homog-
enization methods often admit the existence of microstructural
representative volume elements or RVEs and subsequently apply
averaging principles like the Hill-Mandel condition (Hill, 1967)
with assumptions of scale-separation and energy equivalence of
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the RVE microstructural analyses and homogenized medium un-
der equivalent loading conditions. Homogenization using compu-
tational micromechanical analysis for DNS of complex microstruc-
tures e.g. in Bohm (2004), Chung et al. (2000), Ghosh (2011) and
Willoughby et al. (2012) have gained significant popularity. Specif-
ically, the asymptotic theory-based computational homogeniza-
tion methods, with implicit assumptions of macroscopic homo-
geneity and microscopic periodicity have found extensive appli-
cations (Ghosh, 2011; Fish and Shek, 2000; Ghosh et al., 1995;
1996; Guedes and Kikuchi, 1991; Kouznetsova et al., 2002; Ter-
ada and Kikuchi, 2000). Analogously, the FE2 multi-scale meth-
ods (Feyel and Chaboche, 2000) also solve micro-mechanical RVE
models for every element integration point to obtain homogenized
properties. Uncoupling of governing equations at different scales is
commonly achieved through the incorporation of mathematically
convenient pre-determined boundary conditions like uniform dis-
placement, periodicity on the RVEs.

Introduced in Hill (1963), the representative volume element
or RVE is identified as a characteristic representation of the mi-
crostructure through which the effective properties of the ma-
terial can be evaluated without having to solve the entire mi-
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crostructural region. This RVE concept has been often used for
the evaluation of effective properties e.g. in Stroeven et al. (2004),
Thomas et al. (2008) and Heinrich et al. (2012). In this con-
text, simplified RVEs consisting of unit cell models are popular
(Zeman and Sejnoha, 2007). They assume that underlying hetero-
geneous microstructure can be characterized by a periodic repeti-
tion of the unit cell and typically periodic boundary conditions are
applied to solve the microstructural unit cell problem. For many
practical cases however, real composite microstructures comprise
non-uniformly dispersed heterogeneities with clusters and matrix
rich regions (Shan and Gokhale, 2002). This is shown in the mi-
crograph of a unidirectional composite in Fig. 1(a), which cannot
be represented by a simple periodic repetition of an unit cell. The
concept of statistically representative RVE or SERVE has been pro-
posed in Swaminathan et al. (2006a); 2006b) and Ghosh (2011) us-
ing statistical and computational analyses for non-uniformly dis-
tributed microstructures. In this development a SERVE has been
defined as the smallest volume of the microstructure that satisfies
the following characteristics:

1. Effective material properties in the SERVE should be equivalent
to those of the entire microstructure. This can be further clas-
sified as a property based SERVE or P-SERVE.

2. Distribution functions of parameters reflecting the local mor-
phology in the SERVE should be equivalent to those for the
overall microstructure. This can be further classified as a
microstructure-based SERVE or M-SERVE.

3. The SERVE should be independent of location in the local mi-
crostructure (A,B,C, D in Fig. 1(b)), as well as the applied load-
ing.

Fig. 1(b) shows a computer-generated image of the optical
micrograph in Fig. 1(a) that is tessellated into a network of
Voronoi cells following methods described in Ghosh (2011). The
square region of dimension L is used to identify N characteris-
tic inclusions that constitute a SERVE. An optimal SERVE size
is important to avoid either risking erroneous estimation of
effective properties with smaller RVE sizes, or requiring exor-
bitant computational resources with larger that required RVEs.
Various statistical descriptors have been used to estimate the
volume of the microstructure that needs to be sampled for
obtaining the homogenized properties representing bulk ma-
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Fig. 1. (a) Micrograph of a clustered microstructure and (b) microstructure tessellated into Voronoi cells showing regions of potential microstructural SERVE.

terial response and hence the SERVE size. These descriptors
typically include distributions of the local fiber-volume-fraction,
nearest-neighbor-distance, radial-basis-functions and n-point
correlation functions. Important contributions have been made
in Everett (1993), Pyrz (1994), Torquato (1997), Zeman and
Sejnoha (2007), Kanit et al. (2003), Al-Ostaz et al. (2007),
Wilding and Fullwood (2011), Zangenberg et al. (2012),
Romanov et al. (2013), Guo et al. (2014), Liu and Ghoshal (2014),
Bednarcyk et al. (2015) and Liu and Shapiro (2015). The n-point
correlation functions have been introduced in Jiao et al. (2007a),
Jiao et al. (2007b), Tewari et al. (2004), Fullwood et al. (2008) and
Niezgoda et al. (2008); 2010) to reconstruct the microstructure
and obtain homogenized properties.

Methods of RVE determination, in most cases, focuses only on
the evaluation of the volume and material content and distribution
in the microstructure. No consideration is generally given to the
appropriateness of the boundary conditions for solving the RVE mi-
cromechanics problem in the homogenization process. Convention-
ally, three types of boundary conditions are applied on the RVE.
These are:

1. Affine transformation based displacement boundary condition
(ATDBC), expressed as:

A_ .0,
ui = €;;x; on Irve

Here e?j is a constant applied far-field strain and x; are the
boundary positions, measured from the geometrical centroid of
the RVE.

2. Uniform traction boundary condition (UTBC) given as:

0
T;‘ = O'ijnj on FRVE

T; is the applied traction on the RVE boundary resulting in a
constant stress O'i(;-, where n; is the unit normal to the RVE
boundary.

3. Periodic boundary condition (PBC), expressed as:

uf = elpjxj + uipd on Tre
The periodic additional displacement uf’d is equal on opposite
faces of the RVE, which requires the boundary to be homolo-

gous.
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The uniform strain condition provides the lower bound or Voigt
bound, while the uniform traction case gives the upper bound
or Reuss bound. The underlying assumption of the ATDBC and
UTBC is that strains and stresses immediately outside the simu-
lated RVE is constant. Effects of subjecting RVEs to either constant-
strain or constant-stress boundary conditions have been studied in
Hazanov and Huet (1994), Zohdi and Wriggers (2004) and Ostoja-
Starzewski (2007). These boundary conditions assume that the
RVE is immersed in a continuum (exterior to the RVE) whose
strain-energy-density is spatially invariant and ignore the presence
and interaction effects of fibers exterior to the RVE. The periodic
boundary condition, on the other hand, assumes the deformation
patterns in the domain exterior to the RVE to be homologous.
However for composites with non-uniform distributions, the above
assumptions of strain energy invariance or periodicity are invalid
in the vicinity of the RVE boundary. All of these boundary con-
ditions can result in an over-estimation of the RVE region due to
convergence requirements. It is necessary to prescribe appropriate
boundary conditions that reflect the actual microstructural statis-
tics.

In a recent paper (Ghosh and Kubair, 2016), the authors have
addressed the above limitations of boundary conditions have been
overcome by prescribing exterior statistics-based boundary con-
ditions or ESBCs. ESBCs represent boundary conditions that re-
flect the effect of the region exterior to the SERVE domain on
the interior. By prescribing ESBCs that incorporate the statistics
of the exterior microstructure on the SERVE boundaries, a signif-
icant reduction is achieved in the volume of the converged SERVE.
Excellent convergence rates have been observed for elastic stiff-
ness components in comparison with the other boundary condi-
tions above, and also with statistical volume elements or SVE's.
The study in Ghosh and Kubair (2016) was however for statis-
tically homogeneous distributions only, and did not consider re-
gions of clustering or matrix rich regions as shown in Fig. 1. Cor-
respondingly the distance-based two-point correlation functions
or radial distribution functions were sufficient to represent the
statistics of the exterior region for these composites. Microstruc-
tures with near-identical radial distance-based two-point corre-
lation functions are termed as homometric structures or homo-
morphs (Patterson, 1939; 1943).

This present paper extends the above study of SERVEs with ex-
terior statistics-based boundary conditions (ESBCs) to statistically
nonhomogeneous composite microstructures with clustered and
matrix-rich regions. For these morphologies, the radial distribution
function is no longer sufficient to differentiate between clustered
and unclustered microstructures due to the lack of orientation in-
formation in the statistical functions (Patterson, 1939; 1943; Yeong
and Torquato, 1998; Rozman and Utz, 2002; Gommes et al., 2012).
Hence, ESBCs using this function are unable to represent the effect
of the true dispersions in the exterior microstructure. This short-
coming is overcome in this paper through the successful introduc-
tion of a joint, radial and angular distance-based two-point corre-
lation function in the ESBCs.

Section 2 summarizes the method of development of the ex-
terior statistics-based boundary conditions (ESBC) for SERVEs and
their computational implementation. The development of statis-
tical functions for describing nonhomogeneous microstructures is
discussed in Section 3. Validation tests of the ESBCs on the SERVE
domain are conducted in Section 4, and the selection process for a
candidate SERVE is discussed in Section 5. In Section 6, the perfor-
mance of a SERVE with ESBC is compared with the statistical vol-
ume elements (SVE) approach. The paper concludes with a sum-
mary in Section 7. The nomenclature for various terms are given
below.

Nomenclature
RVE Representative volume element
SERVE Statistically equivalent representative volume element
MVE Microstructural volume element
SVE Statistical volume elements
ESBC Exterior statistics-based boundary condition
ATDBC  Affine transformation-based displacement boundary condition
UTBC Uniform traction boundary condition
PBC Periodic boundary condition
SIGF Statistically informed Green’s function

2. Exterior statistics based boundary conditions for the SERVE
problem

A summary of the development of the exterior statistics based
boundary conditions is given in this section, while details are pro-
vided in Ghosh and Kubair (2016). The microstructural volume el-
ement or MVE corresponding to a macroscopic point, for which a
homogenized property is sought, occupies a locally infinite region
Qmve . Q> as depicted in Fig. 2(a). The MVE consists of nonuni-
formly dispersed heterogeneities, e.g. fibers, particulates etc. with
clusters and matrix rich regions as shown in Fig. 1(a).

The homogenized constitutive response of a linear elastic MVE
occupying a domain Q™€ is written as:

~mve __ ~mvezmuve

Oij = Gijil €k (1)
where C_i'}?,l’f is the homogenized stiffness tensor, and 6{}”" and 6-31”8
are the homogenized stress and strains which may be expressed
as:

- 1
o = e /Q . o/ (x)d2  and

~mve l mve
€5 = e /Qm € (x)d 2)

aiT"e (x) and e{]'.'"e (x) are the spatially varying microscopic stresses
and strains in the MVE. In a finite element formulation of the mi-
crostructural problem, the weak form corresponding to the princi-
ple of virtual work form of the MVE is written as:

/ o se] (0dQ = 0 3)
subject to the affine transformation based displacement boundary
condition:

uf (x*°) = x> on '™ (4)

where J¢;; is the virtual strain, x;’ﬁ are the coordinates of a point
on the MVE boundary '™ relative to a reference point, such as
the centroid of ™€, The solution of the weak form (3) for the
entire microstructural volume element, typically consisting of a
large population of heterogeneities, is computationally prohibitive.
To avert this, only a subset of the MVE domain with explicit rep-
resentation of dispersed heterogeneities, is identified as the SERVE
for detailed micromechanical analyses. A candidate SERVE is high-
lighted in Fig. 2(a). This domain should be optimally small to make
it computationally tractable. Thus the ratio of the length scales of
the MVE (L™*¢) to that of the SERVE (L%¢¢) should be sufficiently
large, i.e. % >> 1.

For reducing the MVE boundary value problem in Eq. (3) to that
of the SERVE, the MVE domain ™" is partitioned into two com-
plementary domains, viz. the SERVE domain %€ and a domain
Qext exterior to it, i.e. QMY = Q& y Qserve, The effect of the ex-
terior domain Q¢ is manifested through equivalent conditions on
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Fig. 2. (a) Schematic view of the MVE containing the SERVE and its complementary
on a field point O at the SERVE boundary I'*¢™e,

the SERVE boundary I'S¢™¢, adequately reflecting the interaction of
Qext with Qseve, It should result in the same invariant strain en-
ergy for the SERVE as for the entire MVE with the applied affine
displacement conditions on I'*. The equation of principle of vir-
tual work (3) is written as the sum the respective virtual work
terms in the complementary domains shown in Fig. 2(a) as:

[ o msegtoodn+ [ o msesroae =0 (5)
Applying the divergence theorem to the first term containing the
integral over ¢, incorporating equilibrium conditions (in the ab-
sence of body forces) oj; j(x) =0, and with e'g?”e:eg( on I'*,
the principle of virtual work (5) reduces to that of the SERVE as
(Ghosh and Kubair, 2016):

/ G (X) S €567 () A2 — / T (x)Su (x)d =0 (6)
serve FSETVE

TE(x) is the traction on I'**""¢ resulting from the stresses in the
domain Q& exterior to the SERVE. The second term in Eq. (6) will
drop out if an effective displacement field can be prescribed on
rserve since (Su;?"f =0 on I'*¢™¢, This can be incorporated through
the augmentation of the affine transformation-based boundary dis-
placement field u;f‘(xse”’e) = el.(l’xse”’e by an additional perturbation
term, which represents the effects of heterogeneities in Q¢ on
I'serve, Since the solution process will not involve an explicit nu-
merical solution of the exterior domain problem in ¢, a special
analytical solution that involves the statistics of the exterior do-
main can be developed. Hence the term exterior statistics-based
boundary conditions or ufSEC, that is expressed as:

ESBC U A U 4 4
ui (XSET E) — u,‘ (XSET E) + u;k (xser E) on FSE‘V e (7)

where uf is an enhancement due to the interaction of the nonuni-
form exterior domain Q%! with the SERVE.

Among a plethora of statistical functions, the n — point correla-
tion functions for characterizing multivariate point sets have been
shown to effectively describe arbitrary distributions in Torquato
(1997) and Jiao et al. (2007a). In Torquato (2002), it is shown
that the spatial statistics of a two-phase medium can be satisfac-
torily described by the two-point correlation function S,(r!, 67),
defined as the probability that two points at positions x! and x!
and separated by a distance U at an orientation 67 lie in the same
phase «. S, is able to characterize anisotropy due to its depen-
dence on the orientation. This is also termed as the joint, dis-
tance and orientation-based two-point correlation function. With
location-dependent indicator functions for the matrix phase M and

FSET‘U&

l‘IO
S

QS(ET"L)B

0)

JO

r
Qe:r,t
(b)

exterior domain, i.e. QM = Qe y Q& and (b) effect of an interacting fiber-pair I — J

I inclusion phase F; among np inclusions, expressed as:

LM(X):{l VxeQM tﬁ(x):{l VxeQf

0 vxgou 0 Vxgoi =1

(8)

the joint distance and orientation-based two-point correlation
function for Q™€ can be defined as:

S,(r) = ﬁ / F ) (X + 1)dR 9)
QIT”/E

where r = x — X/ is the position vector separating two points in the
domain. This can be represented in a parametric form as (r, 6),
where the parameter r = |r| is the separation distance and 6 = /r
is the orientation of the line joining these points with a reference
direction. In composites containing equi-radius fibers, the centroids
can represent these points. For isotropic distributions, this correla-
tion function reduces to a distance-based, radial distribution func-
tion S,(r). The one-point correlation function, which corresponds
to the volume fraction, is expressed as:

slzﬁ / F (x)dQ2 (10)

Qmue

The displacements uf5C on the SERVE boundary for heterogeneous
microstructures containing inclusion clusters and matrix rich re-
gions are discussed in the following section.

2.1. Exterior statistics based perturbed fields

The presence of heterogeneities in the form of inclusions or
fibers alters the spatially invariant, homogeneous state of the ma-
trix stress oM, strain € and displacement uM fields in the MVE
domain ™€, The perturbed stress o strain € and displacement
u; fields depend on the morphological characteristics of the mi-
crostructure, e.g. inclusion geometry and location. The total stress
ojj, strain €; and displacement u; fields in the heterogeneous MVE
domain may be defined as the sum of the homogeneous and per-
turbed parts as:

0ij(X) = ol + 075 (X), €;(X) = € + €(%),

uy(x) = uM +ur(x) e QM (11)
Since the homogeneous stress ‘711;\‘/’ is divergence-free, the equilib-
rium condition for the perturbed stress fields (in the absence of

body forces) is aij.j(x) = 0. The solution to the problem of a het-

erogeneous medium can be simplified by introducing an equivalent
inclusion approach, where an eigenstrain ei’j\ (x) is introduced in
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the inclusion domain to account for the constraint that the matrix
imposes on the inclusion due to autonomous deformation. Corre-
spondingly, the perturbation stress oi’;(xFl) inside the inclusion F;
can be written as:

o (X1 = Cly (€1, (%) + i ()€ (%)) (12)
where CM , is the elastic stiffness of the matrix material and di(x)

is the irlljcklusion indicator function, defined in Eq. (8). The eigen-
strain e,f} (xfi) represents the effect of distributed point source on
the perturbed solution uf(x), where xfi represent the location of
any source point in Qfi. Using an infinite-space Green’s function
solution G;;(x, xf), the perturbed displacement field in QMVE with

np dispersed inclusions can be derived as a summed integral

p
e =3 / M Gyt (% XF)el), (x)dR2 (13)
=15

where the integral over Qfi corresponds to the contribution from
individual inclusions. The perturbed strains can be derived from
Eqg. (13) in terms of eigenstrains as:

1
€;(X) = 5 Z / C,’}j’m”(cik_,j(x, xF') + ij,,j(x, xﬁ))en‘}n(xﬁ)dﬁ
=lgn
(14)

For isotropic, linear elastic matrix materials, the Green’s function
has been derived in Mura (1987) as:

1 8 1
Gy (x.x") = [ﬂ] TId-v) r.’fj] (15)

where 11 = |x —xfi| is the separation distance between a source
point xfi and a generic field point x.

Closed form expressions for the integrals in Egs. (13) and
(14) have been derived using elliptic integrals (Eshelby, 1957) with
spatially invariant eigenstrains inside ellipsoidal inclusions. The
perturbed strains due to any isolated (non-interacting) inclusion F;
in the MVE is expressed as:

€ (x) = / Hyja (X, R) €} (R)dR (16)
le/e

where X is a point in the inclusion. Hjy, corresponds to a unified
two-point Eshelby tensor given as:

I K F F AF, N
Hija (%, %) = 08}, + (1= 7.0) Gy (x. %) (a7)
where Sg.kl and Cg.k, (x, f() are the interior and exterior Eshelby ten-
sors. The corresponding perturbed displacements may be written

in terms of the Eshelby tensors as:

ur(x) = / Liq (X, X) €y (X)d% (18)
Qmue

where

Lig (x. R) = i O T (x. %) + (1 — ¢ (%)) Dl (x. X) (19)

Expression for the interior and exterior Eshelby tensors S,.F}kl and

@f}kl(x, f() as well as the displacement-transfer tensors Tﬂi’l(x, f()

and DZId(X’ ﬁ) for a circular cylindrical fiber are given in the
Appendix. For identical fibers in ™€, the following reductions
hold:

F "

Si}kl = sij’kl = Sijui

Mijia (X') = Mijia (') = Mija
A AF A
GiF}kl (r)= Gé‘k[ (r)= Gijkl(rv 9)

where Sy and Mjy, are spatially invariant and 6,-jk, is position de-
pendent and describes interactions between the fibers.

The perturbed strain in an inclusion is influenced by its interac-
tions with other inclusions in the MVE. For a population of inclu-
sions represented by the two-point probability distribution func-
tion Sy(r) in Eq. (8), the perturbed strain in the fiber F, (I=
1-.-np) due to the interactions of fibers dispersed in Q™€ can be
expressed as:

€5;(X7) = Syju (xDef (x') +
Qme\Qfi

S (G (el (rd  (20)

where S,(r) is the two-point correlation function defined in Eq. (9).
The second integral term represents the interaction effect of all
fibers with the I'" fiber and the integrand may be denoted as a
statistically informed Green’s function or SIGF.

The eigenstrains with n, interacting inclusions are evaluated by
applying the Eshelby’s stress consistency condition, which requires
the total stress inside the fiber Qf to be equal to the total stress
in the equivalent matrix domain. For the domain Q™ consisting
of interacting fibers with a distribution represented by the 2-point
correlation function S,(r), the eigenstrain e,/j\ in a reference fiber

occupying a domain QF may be derived using Eq. (12) as:

[ S2(1)Gijmn ()

€f(x) = |:LF (%) (Sijab + Mija) —
vae\QF

X (Smnpq + Iwmnpq)_1 quab (l‘)dQ]

|:<(Sabmn + I\/Iabmn)_1 [ S (r)émnkl (l‘)dQ) (21)

Qmve\ Qp

— 2 (8akSp + 8a15bk)i| e

= Ajju (X)e

mve
P Vx e Q

-1
where Mj = (CiFJ’.pq *Ci%q> e CiF]lkl is the elastic stiffness of
the inclusion material and r is the distance between a source and
field point. The perturbed displacements at an observation point O
in Fig. 2(b) can be obtained in terms of the matrix strain e{‘](’ by

substituting Eq. (21) into Eq. (18) as:

ur(x) = S2 (1) Limn (¢') Amna (') 2 | €2/ (22)

Qmue\QF

Finally, using Eq. (7), the affine transformation based displacement
fields can be superposed on the above perturbed displacements to
prescribe the exterior statistics-based boundary conditions (ESBCs).

2.2. Implementation of the exterior statistics-based boundary
conditions (ESBCs)

The ESBCs are implemented on the boundary I'*¢™¢ of a SERVE
domain %€ of size L using the following steps.

1. Discretize the SERVE domain 25¢'V¢ into a finite element mesh.
For the 3D domains considered in this study, 4-noded tetrahe-
dral elements are used.

2. Extract the positions and coordinates x; of all the boundary-
nodes on ['serve,

3. Compute the affine transformation based displacements uf (x)
on all the boundary nodes with the applied far-field strain eioj

as uf(x) = eng where ; is measured relative to the centroid of
the SERVE.
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Fig. 3. Microstructural volume elements generated from data provided in Lenthe and Pollock (2014): (a) without-clustering and (b) with clustering. Shading of the Voronoi

cells represent the local volume-fraction ®.

4, Compute the two-point correlation function S,(r, 8) for the en-
tire MVE domain Q™€ using Eq. (9).

Compute the perturbed displacements uj using Eq. (18) incor-
porating S,(r, 8) for all the boundary nodes, using the following
steps.

 Each radial orientation is discretized into N; number of
equally spaced segments with increment Ar = RT‘r“, where
a is the radius of the fibers, R is the radius of horizon that
corresponds to the extent of the MVE and the lower limit
of the integration is r = a. The o radial point is given as
Ty = aRN;T“.

The angular orientation is discretized into Ny equally spaced
points of Af = %\,—Z The B angular point is 65 = ﬂlz\,—z.

At a SERVE boundary node at x;, the discrete perturbed dis-
placement components in Eq. (22) are evaluated for an ap-

; in €0 ac
plied strain €j; as:

5.

N Ny

D aLin(x — (@ AT, BAD))

a=18=1

2r(R—a)

u;k (X) - NrN0

(23)

Amnia (X — (@ AT, BAO))S (X — (@ AT, BAB))]€])

. The ESBCs on the boundary nodes are computed and applied
as:

ubSBC(x) = uf (x) + u; (x) (24)

3. Statistical functions for ESBCs in nonhomogeneous
microstructures with clustering

In Ghosh and Kubair (2016), ESBCs have been developed for ho-
mogenous, non-uniformly distributed microstructures that do not
have any dominant clusters or matrix rich regions. For these mi-
crostructures, the radial distribution corresponding to a distance-
based two-point correlation function S,(r) is found to be sufficient
for representing the microstructural statistics needed for the ES-
BCs. The sufficiency of this function S,(r) is however questionable
for obtaining ESBCs of clustered and matrix rich microstructures,
and is examined in this section.

Fig. 3(a) and (b) show sections of MVEs of unclustered and clus-
tered uniaxial fiber composite microstructures that are tessellated
into Voronoi cells, based on fiber centroids. The MVEs described

in this study are generated from data on real glass-fiber epoxy-
matrix composites that have been characterized in Lenthe and Pol-
lock (2014). The shading of the Voronoi cells represents the local
volume-fraction of the fiber in the cells ®, which is defined as
the ratio of the fiber cross-sectional area to the area of the associ-
ated Voronoi polygon. Cells with lower values of ® indicate regions
that are matrix rich (brighter), while cells with large & are shaded
darker, indicating regions of fiber clustering. The relatively homo-
geneous MVE in Fig. 3(a) has an uniform shading of cells delin-
eating the absence of fiber clustering in the MVE. However, a few
bright cells exist, indicating matrix rich regions. The clustered MVE
in Fig. 3(b) depicts an increase in ® due to fiber clustering, illus-
trated by the darker Voronoi cells, and with spatial non-uniformity
of cell shades. In the cluster regions, smaller nearest neighbor dis-
tances between fibers leads to stronger fiber interactions causing
increased strain and stress concentrations. In the limit, when two
fibers touch each other, the stress concentration can reach a stress
levels of singularity, necessitating special high fidelity finite ele-
ment meshes.

The probability density function (PDF) of the local volume frac-
tion & are plotted as a function of @ in Fig. 4(a) for the un-
clustered (wo-cl) and clustered (w-cl) MVEs. Also, the radial dis-
tribution functions S,(r) in Eq. (9) normalized by the square of
the overall volume fraction S;(r) in Eq. (10) are plotted with re-
spect to the normalized distance r/a in Fig. 4(b). The PDF's of the
volume fraction for the clustered and unclustered MVE'’s are dis-
tinguishable. Without clustering, it is uni-modal with a median
volume fraction of & = 0.2513, while it is bimodal for the clus-
tered microstructure with a second mode near ® = 0.4 due to the
increase in the local volume fractions. The low volume fraction
in this study corresponds to that of the real epoxy-matrix glass
fiber composite microstructure obtained from data in Lenthe and
Pollock (2014). However, the methodology developed for obtain-
ing exterior statistics-based boundary conditions is not restricted
to any range of volume fractions. On the other hand, the nor-
malized radial distribution function in Fig. 4(b) for the unclus-
tered and clustered MVEs are almost indistinguishable. Such mi-
crostructures with indistinguishable distance-based two-point cor-
relation functions or radial distribution functions are termed as
homomorphs or homometric structures in Patterson (1939); 1943)
and Rozman and Utz (2002). This ambiguity has been studied for
microstructure reconstruction in Yeong and Torquato (1998) and
Gommes et al. (2012). This indistinguishable characteristic of



112 D.V. Kubair, S. Ghosh/International Journal of Solids and Structures 112 (2017) 106-121

12
_MVEWO*CI
- MVEw—cl
8 L
S
=
a
=W
4t
% 0.6 08 1

6

r/a

(b)
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Fig. 5. Homometric microstructures: (a) kite configuration of four fibers, and (b) isosceles trapezoid configuration of four fibers.

distance-based two-point correlation functions makes them in-
adequate for developing ESBCs on I'sggye for non-homogeneous
microstructures. This shortcoming can be overcome through the
use of joint, distance and orientation-based two-point correla-
tion functions Sy(r, ) as discussed in Fullwood et al. (2008) and
Niezgoda et al. (2008).

3.1. Two-point correlation functions for unique statistical
representation

3.1.1. Tests on simple homometric structures

The effectiveness of the joint, distance and orientation based
two-point correlation function S,(r, 8) (henceforth termed as joint
two-point correlation function) in uniquely describing homometric
microstructures is illustrated in this section. Two, four-fibered mi-
crostructures obtained by cyclotomic sets (Patterson, 1943) are de-
picted in Fig. 5. The kite microstructure in Fig. 5(a) consists of one
cluster of three-fibers, while the isosceles trapezoid microstructure
in Fig. 5(b) consists of two clusters of two fibers in each.

A normalized nearest-neighbor distance parameter is defined
as & = %“, where d; is the nearest-neighbor distance and a is
the fiber radius. For both the microstructures, &; = 2 + 1, where 7,
is the normalized ligament length between the nearest fiber-pair.
When n =0 the fibers touch each other, while for large values of
71 the interaction between the fibers becomes negligible with very

Table 1
Inter-fiber distance of the kite (Fig. 5(a)) and
isosceles trapezoidal (Fig. 5(b)) microstructures.

Distance indicator (&) 550
§a 1

&b V5
& N3
&4 22

low local-volume-fractions. For the kite and isosceles-trapezoidal
microstructures in Fig. 5 the normalized ligament length is set
to n =0.05 to represent clustering. Other inter-fiber distances are
identical and are written in terms of &, in Table 1.

The distance-based radial distribution function S,(r) for the
kite and trapezoidal microstructures are identical as depicted in
Fig. 6(a). Consequently, the representation of fiber interaction using
S,(r) will lack uniqueness for these homomorphs. The ambiguity is
overcome by the joint correlation function S,(r, ) in Eq. (9), where
6 is the orientation of the line with respect to a reference direc-
tion. The S,(r, 0) functions for the kite and trapezoid microstruc-
tures in the normalized space are shown in Fig. 6(b) and (c). This
function is capable of distinguishing between the microstructures
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Fig. 7. Joint two-point correlation function of the MVE: (a) without clusters (Fig. 3(a)), and (b) with clusters (Fig. 3(b)).

uniquely, and hence will be used for developing the statistically
informed Green’s functions in the ESBCs.

3.1.2. Microstructural volume elements (MVEs) with and without
clusters
The normalized two-point correlation functions %2’9) are plot-

1
ted for the unclustered and clustered MVEs in Fig. 7(a) and (b).
The microstructures, characterized by this function, are uniquely
distinct. The probability of finding vectors inside the fibers is max-

imum near the center, as depicted by the peak. The function os-
cillates and reaches a far-field value of Sf. The difference between
%2’0) for the unclustered and clustered MVEs are shown in the

1
contour plot of Fig. 8. The difference field clearly demonstrates

the orientation dependence due to the addition of microstructural
clusters.

The effect of excluding large SERVE sizes from the MVE, on the
joint two-point correlation function S,(r, 0) of the exterior domain
Qext is examined next. Statistical functions such as S,(r, ), rep-
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Fig. 8. Difference in the two-point correlation of MVEs without and with clusters.

resenting the characteristics of the microstructure, are necessary
for the development of the ESBCs. Generally, these functions are
evaluated from experimental characterization of large images ob-
tained e.g. by scanning electron microscopy. This study establishes
if there is need to re-evaluate these functions due to the extrac-
tion of the SERVE from the parent MVE. A candidate SERVE of size
300 wm x 300 wm that is 10% in size of the M, is excluded
from the MVE and the Szérz'e) function is calculated for the exterior
domain. The normalized 1correlation function for the entire MVE
is shown in Fig. 9(a), while that for the 90% exterior domain is
shown in Fig. 9(b). The two plots are quite similar. Divergence due
to the exclusion of the SERVE occurs only at large distances r >
10a, at which distances the fiber interaction is weak. Hence, the
two-point correlation function for the Q2™ can be used for that of
QeXt in the evaluation of ESBCs.

4. Verification of ESBCs for SERVEs in non-homogenous
microstructures with clustering

The exterior statistics-based boundary conditions (ESBCs) for
the SERVE, developed in Section 2.1, are examined for accuracy.
Finite element simulations are conducted for a MVE with section
size 240 pm x 240 pum x 10 pwm and consisting of 1152 fibers
with clusters. The fibers have a uniform 4 wm diameter. A can-
didate SERVE cross-section of 40 um x 40 pm x 10 pm en-
compassing 38 fibers, is highlighted by the white square bound-
ary in Fig. 10(a). The computational domains are discretized into
meshes of 4-noded tetrahedral elements of a minimum size of
0.8 pwm and with 13 elements in the z-direction. The Young's
modulus and Poisson’s ratio of the epoxy matrix are EM = 3.2GPa
and vM = 0.4, while those for the e-glass-fibers are Ef = 80GPa
and vF = 0.25 respectively. The first set of simulations correspond
to the affine transformation-based applied displacement boundary
condition uf! = eiojxj, with an applied far-field strain €% = 1.

Contour plots of €1; from the finite element solution are shown
on the deformed configuration in Fig. 10(a). The strain inside the
fibers are smaller than in the matrix due to the larger fiber Young’s
modulus. The FE displacement solution along the white line are
extracted from FE simulations of the MVE. This is compared with
the displacement solution uizu{‘+u;‘ used in ESBC, where uf
is the perturbed displacement solution from Eq. (24) using the
statistically informed Green’s function or SIGF approach. The dis-
placement solutions, normalized by the fiber radius, are plotted
in Fig. 10(b). The abscissa corresponds to the total length along
the sides of the white SERVE boundary. The markers (0-1) corre-
sponds to the bottom edge, (1-2) to the left edge, (2-3) to the top
edge and (3-4) to the right edge. Excellent agreement is seen be-
tween results of the FE simulations of MVE shown with markers,

and the displacements solutions u{‘ + uf shown in solid lines. This
provides a verification of the proposed ESBC approach. The SIGF-
augmented solutions show that even though the far field strain is
e% =1, the u; component is not zero on the white SERVE bound-
ary due to fiber interactions. Thus, affine-transformation-based dis-
placement boundary conditions (ATDBC) or periodic boundary con-
ditions (PBC), directly applied on the SERVE boundary will suffer in
terms of accuracy, as will be shown in the following sections.

4.1. Comparing of ESBCs generated by two-point correlation and
radial distribution functions

Fig. 11 compares plots the normalized perturbation displace-
ments uj/a generated using the radial distribution function Sy(r)
and the two-point correlation function S,(r, 6). The abscissa shows
the normalized length along the bottom (edge 0-1), right (edge 1-
2), top (edge 2-3) and left (edge 3-4) edges of the 40 wm square
SERVE in sequence, in Fig. 10. The applied far-field strain e% af-
fects the perturbation displacements in the x; direction, but not
much in the x, direction. The difference in the perturbation dis-
placement alters the ESBCs applied on the SERVE and hence the
computed homogenized stiffness C_l-jkl.

Furthermore, the effect of ATDBCs and ESBCs using S,(r) and
So(r, ) on a candidate SERVE of size L =40 pm containing 38
fibers is illustrated in Figs. 12, 13 and 14 respectively. In this paper,
the boundaries of the SERVEs I'*’*¢ are assumed not to intersect
the inclusions, for the sake of simplicity. However the developed
ESBCs are capable of being prescribed on boundaries that intersect
inclusions. The plots in Figs. 12(a), 13(a) and 14(a) show the dis-
placement components in the 1 and 2 directions applied as bound-
ary conditions along the four sides of the SERVE boundary. Per-
turbations in the ESBCs u; = ufl‘ +uj are pronounced on the right
and left edges of Figs. 13(a) and 14(a). While u4 =0 for €%, =1 on
the boundary, u; = uj is non-zero along the edges with the ESBC.
Unlike for PBCs, the deformed edges with the ESBCs are not ho-
mologic. Contour plots of the strain €4; for the different boundary
conditions are shown in Figs. 12(b), 13(b) and 14(b). While regions
of strain localization are observed for all the boundary conditions,
the intensity is less with ESBCs.

The homogenized stiffness for the entire composite MVE C_i’ﬁ/e
is evaluated using Eq. (1), together with the averaged stresses from
Eq. (2) corresponding to an applied averaged strain. The same stiff-
ness can be obtained from the averaged stresses in the SERVE do-
main with the applied ESBCs generated by applying the SIGF to the
applied averaged strains. Table 2 tabulates the normalized homog-
enized stiffness Cy111/EM from the entire MVE simulations, as well
as from simulating a 40 pwm SERVE subjected to ATDBC and ESBCs.
For the ESBCs, both the radial distribution S,(r) in Fig. 13(a) and
the joint two-point correlation function S,(r, 6) in Fig. 14(a) are
considered. The homogenized stiffness obtained from the SERVE
simulations with the S,(r, 8)-based ESBCs are the closest to those
obtained from entire MVE simulations. This illustrates the excellent
desired performance of the applied ESBCs.

The contour plot of the difference in the maximum principal
stress obtained by applying the ATDBC and ESBC with S,(r, 8) are
shown in Fig. 15(a). The difference is pronounced in ligaments be-
tween fibers that are in close proximity. The maximum principal
stresses are larger with ATDBCs than with ESBCs for the same far-
field strain energy density. Analogously, the contour plot of the dif-
ference in the maximum principal stress by ESBCs using the S,(r)
and S,(r, #) functions is shown in Fig. 15(b). While the perturba-
tion displacements in Fig. 11 by using the S,(r) and S,(r, 6)-based
ESBCs are comparable in magnitude, the stresses are significantly
different. The S,(r, )-based ESBCs are accurate as they account for
the presence of fiber clusters in the exterior domain.
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Fig. 10. (a) Contour plot of the FE solution €;; in the clustered MVE (obtained from data provided in Lenthe and Pollock (2014)) subjected to a far-field applied strain €?, = 1,
(b) comparison of displacements on the 40um x 40pwm SERVE obtained by the SIGF Eq. (24) with that from the finite element simulation of the MVE. (The abscissa marks
(0-1) corresponds to the bottom edge, (1-2) to the left edge, (2-3) to the top edge and (3-4) to the right edge of the I'sgrye.).

Table 2

Homogenized stiffness Cjy1; /EM in SERVEs subjected to different boundary conditions.

Figure Boundary condition Cin /EM % error (%%H) x 100
1

(L=240 pm) 10 ATDBC 2.8836 0.0000

12 ATDBC 2.9406 1.9767

13 ESBC using S,(r) 2.9056 0.7620

14 ESBC using S,(r, 6) 2.8813 0.0798

4.2. SERVEs intersecting clustered regions

For certain microstructural volume elements, it is possible that
the SERVE intersects clustered regions in the microstructure. This
section examines the effect of prescribing ESBCs on SERVEs that
intersect clusters. A 40um x 40 pm SERVE intersecting two clus-
ters in the MVE is illustrated in Fig. 16. The MVE depicted in
Fig. 16 is the same as that illustrated in Fig. 3(b). The intersec-
tion of the clusters with the SERVE boundaries results in a few
fibers, belonging to the cluster, to be present inside the SERVE. The
fibers that belong to the clusters are highlighted in gray. The pre-
scribed S,(r, 6)-based ESBCs are shown in Fig. 17(a). The €q; strain
contour in the SERVE is depicted in Fig. 17(b). Strain concentra-

tions are larger due to the inter-fiber ligaments being reduced due
to the fiber clusters. The homogenized stiffness of the SERVE is
Cim = 2.8823EM, which is almost equal to that obtained from the
entire MVE C_m] = 2.8836EM as given in Table 2. This example il-
lustrates the effectiveness of the prescribed ESBCs on SERVEs with
intersecting clusters.

5. Selection of a candidate SERVE in the MVE and
homogenized stiffness convergence

Fig. 18 shows a set of concentric square cross-sections that are
candidate SERVEs that can be extracted from the MVE domain.
The candidate SERVEs are chosen to consist of an increasing num-
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Table 3
Parameters in the selection of the SERVE.

SERVE I Il 1 \% \ VI Vil MVE

L (um) 35 40 70 90 124 160 250 300
Ny 13 38 120 176 313 498 1292 1746

ber of fibers. The different SERVE sizes considered are depicted in
Fig. 18(i-vii). The thickness of the composite domain is 10 pwm. The
FE model is discretized into 4-noded tetrahedral elements with 13
elements in the z-direction. Details of the SERVE size L and the
number of fibers Ny enclosed are listed in Table 3.

The candidate SERVEs are subjected to either ATDBCs, PBCs or
S,(r, 0)-based ESBCs that corresponds to a far-field unit uniax-
ial strain e% = 1. All other strain components are kept to zero.
Three dimensional finite element simulations of the SERVEs are
performed and the homogenized stiffness C',»jk,, i,jk,1=1,2,3 are
obtained by post-processing. Details of obtaining the homogenized

moduli have been discussed in Swaminathan et al. (2006a). Con-
vergence in the homogenized stiffness with increasing SERVE size
is used as a metric to determine the necessary SERVE size. In this
study, the dominant stiffness component Cy31; is used to determine
the effect of the applied boundary conditions on the converged
SERVE size.

The homogenized stiffness component Cyy1; is plotted as a func-
tion of increasing SERVE size L in Fig. 19. In the plots, L = 0 corre-
sponds to the matrix alone, for which the SERVE size is a material
point of zero volume. The error in Fig. 19(b) is calculated as the
difference between the homogenized stiffness component for the
SERVEs and that for the entire MVE with L=300 pwm. Fig. 19(a)
clearly shows that the homogenized modulus obtained with the
ESBCs converges at a SERVE size of approximately L = 40 ywm con-
sisting of 38 fibers, as opposed to the much larger SERVE sizes of
approximately L ~ 220 pwm, when subjected to the ATDBC or PBC.
The error plots in Fig. 19(b) consolidates this conjecture that con-
vergence with ESBCs is much faster than with the other boundary
conditions. This example elucidates the role of exterior statistics
on the boundary condition of the SERVE, which is typically ignored
with other methods.

Finally, the effect of the two-point correlation functions S,(r)
or Sy(r, ) used in ESBCs, on the optimal SERVE size is examined.
The variation of the volume-averaged stiffness is plotted as a func-
tion of the SERVE size in Fig. 20(a). The S,(r)-based ESBCs exhibit
much slower convergence leading to larger SERVEs in comparison
to SERVEs by the S,(r, 8)-based ESBCs. In the example shown, the
SERVE size by the latter boundary condition is less than half of
that obtained by the former boundary condition. The plot of error
in the homogenized stiffness, shown in Fig. 20(b), also corroborates
this conclusion.

6. Comparing the ESBC enhanced SERVE with statistical volume
elements (SVEs) for stiffness convergence

Statistical volume elements (SVE) are based on the ergodicity
hypothesis that the composite microstructure with dispersed het-
erogeneities is statistically homogeneous and hence its volume-
averages are identical to the ensemble-averages (Yin et al., 2008;
McDowell et al., 2011). The homogenized modulus obtained for the
MVE is expected to be equal the mean of the volume-averaged

Fig. 12. Results from SERVE simulation with ATDBC: (a) displacements on the boundary of the SERVE, (b) contour plot of €1; in the SERVE.



D.V. Kubair, S. Ghosh/International Journal of Solids and Structures 112 (2017) 106-121 117

€11
2.5

2.0
1.5
1.0
0.5
0.0

—i=1
---i=2

(b)

Fig. 13. Results from SERVE simulation with ESBC generated by radial distribution function S,(r): (a) displacements along the SERVE boundary, (b) contour plot of €4, in the
SERVE.
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Fig. 14. Results from SERVE simulation with ESBC generated with the two-point correlation function S,(r, 8): (a) displacement along the SERVE boundary, (b) contour plot
of the €y; in the SERVE.
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Fig. 15. Contour plot showing the difference in the maximum principal stresses in the SERVE for: (a) ATDBC and ESBC using S,(r, 0) (b) ESBCs using S,(r) and Sy(r, 6).




118 D.V. Kubair, S. Ghosh/International Journal of Solids and Structures 112 (2017) 106-121

o
[}
[

000, 00,
90008 o
Egg )

02°90
o
gooooo ol
090 9
o
o
o

O’
O
o
OO
o
00,
[

[
2008
0940,
000
00!
o
%00
Oo!
o

clusters

intersecting
050,
005952058 2888 6560, s%2] |SERVE
) )

90 O
o
9%
%o
0% ©

o
00099
00 02
o
By
o
o
So

699,0 00
98 0200,
0,00 O
00 09
:;%i

00
00
L)
O
o

2
000
006
o

o

[J
o‘:,%g 308
0:0%%,
Qo
00
20

Fig. 16. Intersection of clusters in the MVE with the edges of a SERVE.

modulus obtained from a large number of instantiations of a much
smaller analysis volume. The ensemble-average of any spatially
varying field quantity W(x) over the SVE may thus be expressed
in terms of the homogenized value over the MVE as:

I=N

- 1 1 1
Qmue I=1 Qsvey

where W is the volume-averaged value, Q5 is the domain of the
Ith SVE instantiation and N corresponds to the number of sample
SVE’s in the ensemble. In general, the volume of any SVE is much
smaller than that of the RVE, i.e. Q¢ < Qme,

For comparison with the SERVE predictions, the SVE problem
is set up with individual square SVEs of size I! =60 pwm, 100 j.m
and 200 pwm. 100 candidate SVEs are chosen from the much larger
MVE for each SVE size. Two-dimensional plane-strain analysis of
the candidate SVEs are performed subjected to ATDBCs and PBCs.
The ensemble-averaged stiffness components C_Uk, are obtained for
the population of N SVEs as:

_ 1 =N
Giju = N ZC{W (26)
=

where C_i’ iq are the volume-averaged stiffness components for the
Ith SVE. With increasing number of instantiations in the ensem-
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Fig. 18. Concentrically increasing candidate SERVE domains in the MVE generated
from data in Lenthe and Pollock (2014).

ble population N, the ensemble averaged stiffness components are
expected to converge to their respective homogenized values for
the MVE ((:lfﬁl). The convergence criterion is defined in terms of
the minimum number of instantiations or SVE’'s N required in the
ensemble to attain a steady-state, invariant value of the homoge-
nized stiffness in Eq. (26). Convergence is ascertained from the plot
of the cumulative mean (CM) of the normalized stiffness as a func-
tion of the ensemble population size N, as shown in Fig. 21(a). The
cumulative mean of a stiffness component C_ijk,, normalized by the

matrix Young's modulus EM, is defined as:
Giju 1N
CM(L - — Z _uK
M M
E N N =1 E
For an ergodic microstructure, the cumulative mean (CM) of
the volume-averaged stiffness is expected to converge to that of

the entire MVE C_I.i.‘;d. The CM of Cy311, obtained from the three SVE
sizes, are shown in Fig. 21(a). For SVE size [*¥* = 60 pm, the en-
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Fig. 17. Results from ESBC from SERVE with edges intersecting clusters: (a) displacement along the SERVE boundary, (b) contour plot of €; in the SERVE.
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Fig. 21. (a) Cumulative mean (CM) of the ensemble-averaged stiffness component Cyyy; as a function of the number of SVEs for different SVE sizes (L¢); (b) error in CM of
the stiffness as a function of the number of SVEs.
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semble averaged stiffness even with 100 instantiations does not
converge to the accurate value obtained from the SERVE analysis as
seen. For the SVE size of [¥¢ = 200 pwm the cumulative-mean con-
verges for ensembles consisting of more than fifteen SVE instan-
tiations. The corresponding error in CM, defined as the difference
from the stiffness C_ﬁ“, is plotted as a function of the number of
SVEs in Fig. 21(b). This exemplifies the lack of convergence in the
SVEs of smaller sizes. SERVEs subjected to ESBCs require only one
instantiation of size [5¢¢ 40 um for convergence, as illustrated in
Fig. 19.

7. Summary and conclusions

This paper has successfully extended the exterior statistics based
boundary conditions (ESBCs) developed for statistically equivalent
RVE's or SERVE’s in Ghosh and Kubair (2016), to include non-
homogeneous microstructures with clustering and/or matrix-rich
regions. The SERVEs, introduced in Swaminathan et al. (2006a);
2006b), are needed for evaluating response functions in nonuni-
form heterogeneous microstructures. The ESBCs have been origi-
nally developed to overcome deficiencies with conventionally ap-
plied boundary conditions, such as the affine transformation based
displacement boundary conditions (ATDBCs) or periodic boundary
conditions (PBCs) in evaluating homogenized material properties.
These deficiencies arise from overlooking the actual statistics of
heterogeneities in nonuniform microstructures, where the effect
of the exterior microstructure on the SERVE can be significant.
Typically, these conventional boundary conditions lead to a much
larger than required size of the RVE for convergence of homog-
enized material properties. This comes with significantly higher
computational costs for microstructural simulations. The proposed
ESBCs have the potential to optimally reduce the converged SERVE
size by accounting for the interaction of the heterogeneities in the
domain that is exterior to the SERVE in the material microstruc-
ture.

ESBCs from small deformation elasticity problems have been
obtained in Ghosh and Kubair (2016) by using a statistically in-
formed Green’s function (SIGF) method that accurately describes
interactions with heterogeneities exterior to the SERVE domain in
the microstructure. The SIGF solution employs the Eshelby equiv-
alent inclusion method in accounting for the fiber interactions
in a statistical sense. Microstructures considered in Ghosh and
Kubair (2016) however were statistically homogeneous with no
fiber clustering or matrix rich regions. These are adequately char-
acterized by the distance-based two-point correlation function or
radial distribution function S,(r). However, this function S,(r) tends
to be insufficient in the presence microstructural inhomogeneities,
such as clustering, due to the lack of directional information. This
shortcoming is overcome in this paper with the introduction of
joint distance (radial) and orientation based two-point correlation
functions Sy(r, €) towards the development of ESBCs. The result-
ing S,(r, )-enriched ESBCs are effective in accounting for statistical
inhomogeneities in the exterior domain that define the boundary
conditions on the SERVE.

Various simulations of microstructural volume elements or
MVEs with fiber clustering are conducted in this paper with differ-
ent boundary conditions. The studies clearly show that the SERVE
with ESBCs are significantly smaller in the converged size com-
pared to the other boundary conditions for homogenized material
response. Finally, a comparison is made with the statistical vol-
ume element (SVE) method. The SVE method requires larger sam-
ple SVE sizes (25" ~ 200 wm) and a number of instantiations to
converge to the accurate homogenized stiffness. In comparison, a
SERVE Q€€ ~ 40 pwm subjected to ESBCs requires only one instan-
tiation for predicting the converged stiffness. The proposed method

is proved to be a novel way of modeling nonuniform elastic mate-
rials for evaluating effective response functions.
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Appendix A. Eshelby tensors for circular cylindrical fibers

For a cylindrical fiber of circular cross-section with a radius a
and centroid at x!, the interior and exterior Eshelby tensors Siji

and Cijk, (x, x’) respectively, are given in Mura (1987) as:

Siju = {0} {®;u}(©) and Gy (x.X) = {BY (N{O4a} ©)

(27)
The material-dependent vectors {«} and {8} are:
4M _1
1 3 —4M
af= ——— 0 ,
R
0
—2(1+2vM) +9p2
0 2—-3p2
{BY1) = ———=1 4(1 +2vM) — 12p2
8(1-vM) 4-12p?
16 — 242

Here p = ¢ with r= [x—x!| and 6 = Z(x — x!), x being a generic
field point. The parameter v™ is the Poisson’s ratio of the matrix

material. The circumference basis tensor is given as:

80
Birdji + Sudj n cos 6
(O} (0) = 0y . where {n,$ =1{sin6
niankl ns 1
n,»njnkn,

For the cylindrical fiber of circular cross-section the interior and
exterior displacement-transfer tensors are given by:

Tijk(x’ XI) = {n} (N{¥;}(6) and Dijk(xv X’) ={y("{¥i} (0)
(28)

where

0
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P 4M _1
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