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a  b  s  t  r  a  c  t

This paper  focusses  on the  use  of  the parametrically  homogenized  crystal  plasticity  to  simulate  polycrys-
talline  ensembles  of  Ni-based  superalloys  that  are  governed  by  the  characteristics  of the  subgrain  scale
�–� ′ precipitate  morphology.  Critical  parameters  representing  the  effect  of  subgrain-scale  morphology
are  incorporated  in  the grain-scale  crystal  plasticity  model,  which  then  has  the  capability  of  representing
mechanisms  occurring  at three  scales,  viz. the  sub-grain  scale  of  precipitates,  the  grain  scale  of  single
crystals  and the  scale  of  polycrystalline  aggregates  in a unified  framework.  A  dislocation  density  crystal
plasticity  constitutive  model  with  APB  shearing  of  � ′ precipitates  is developed  for  modeling  the  sub-
grain  scale  representative  volume  element  delineating  explicit  morphology  of  the  �–� ′ microstructure.
arametric homogenization
olycrystals
amma–gamma′

icrotwinning

A  framework  is  developed  for a  parametrically  homogenized  activation  energy-based  crystal  plasticity
(AE-CP)  model  at the  scale  of  single  crystals  by homogenizing  the  sub-grain  model  response  and  incorpo-
rating  critical  morphological  parameters  of the  sub-grain  morphology.  Nucleation  and  evolution  models
for  micro-twins  are also  incorporated  for manifesting  tension-compression  asymmetry.  The  grain-scale
AE-CP  model  is used  to  analyze  polycrystalline  microstructures.
. Introduction

Ni-based superalloys are widely used in propulsion components
f the aerospace industry such as turbine engine blades, disks,
asings and liners. These alloys possess a desirable combination
f high temperature strength and toughness, oxidation and creep
esistance, and high temperature stability [1,2], attributed to a sub-
rain scale two-phase �–� ′ microstructure as shown in Fig. 1. The
ontinuous �-matrix phase has a face-centered cubic (fcc) lattice
tructure, and is an alloy of Ni and Cr with a small fraction of other
lloying elements. The precipitate phase � ′ is a coherent ordered
nter-metallic reinforcing phase of L12 crystal structure of Ni3Al
ype, which appears as a distribution of cuboidal precipitates in

 solid solution as shown in Fig. 1. Fig. 1 shows the polycrys-
alline microstructure, the sub-grain �–� ′ microstructure in a single
rain, the discretized sub-grain �–� ′ microstructural RVE, and the
omogenized crystal plasticity FE model for a grain. The shape and
ize of the � ′-phase depend largely on the cooling rate and inter-

al stress gradients during processing [3–5]. Slower cooling rates

ead to the formation of bimodal populations of large (>500 nm)
econdary and small (<50 nm)  tertiary � ′ precipitates, while higher
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cooling rates yield a predominantly unimodal distribution of sec-
ondary � ′ precipitates (300–500 nm). The � ′ precipitates act as
effective obstacles to the motion of dislocations by virtue of their
shape and ordered structure. The volume fraction of � ′ precipitates,
their mean size and spacing have a major effect on the mechanical
properties of these superalloys [6,7]. Micro-mechanisms control-
ling creep in polycrystalline Ni-based superalloys are complex
[6,8]. At intermediate temperatures 650 ◦C ≤ � ≤ 800 ◦C and mod-
erate stress levels ∼650 MPa, dominant deformation mechanisms
include anti-phase boundary (APB) shearing and micro-twinning.
The probability of occurrence of a given mechanism depends on
the load, crystal orientation and microstructural morphology. At
lower temperatures (� < 650 ◦C) and higher stresses, creep is gov-
erned by different types of dislocation-based shearing processes,
while at higher temperatures (� > 800 ◦C), the creep deformation is
controlled by Orowan looping and cross-slip mechanisms [9].

Deformation behavior under various loading and temperature
conditions has been analyzed both for single crystal [10,11] and
polycrystalline [12,13] Ni-based superalloys. Meso-scale model-
ing of the �–� ′ phases in single crystal Ni-base superalloys with
unimodal precipitate sizes and periodic distributions has been

conducted in [14–17] using phenomenological viscoplastic consti-
tutive laws.

Crystal plasticity finite element models (CPFEM) have been
implemented to model creep and deformation response of

dx.doi.org/10.1016/j.mechrescom.2015.12.001
http://www.sciencedirect.com/science/journal/00936413
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ig. 1. Schematic representation of multiple scales in the development of a crystal
ubgrain microstructure in a single grain, discretized subgrain microstructural RVE

ingle crystal and polycrystalline Ni-based superalloys in [18–20].
n these models, the behavior of single-crystal superalloys with
igh volume fraction of cuboidal precipitates has been simulated
sing a gradient-dependent plasticity model. Phenomenological
rystal plasticity models are based on the power law description
21], or the thermally activated theory of plasticity law [22]. The
atter model has been shown to accurately model a large range
f strain rates and temperatures. A limitation of these models is
heir lack of incorporation of the underlying microstructural char-
cteristics at the sub-grain scale, which affect single crystal and
olycrystalline behavior. Three scales are dominant when model-

ng polycrystalline behavior of Ni-based superalloys using CPFEM.
hey are:

i. Sub-grain scale, characterized by size of � ′ precipitates and their
spacing or � channel-width;

ii. Grain-scale of single crystals characterized by grain-boundary
distance;

ii. Scale corresponding to representative volume elements of poly-
crystalline aggregates.

Crystal plasticity models should hierarchically incorporate
nformation at each scale for generating constitutive models that
an be implemented for microstructure-property relations. It is
omputationally intractable to simulate the behavior of polycrys-
alline microstructures with explicit representation of the �–� ′

icrostructure. In [17], hardening parameters are expressed as
unctions of the average size of precipitates. Crystal plasticity

odels with implicit dependencies on grain and precipitate sizes
nd volume fraction, have been proposed in [23] by assuming
andom distribution of precipitate phases. Computational mod-
ls involving hierarchical approaches for Ni-based superalloys
ave been proposed in [24,25]. In [24,25], dislocation-density
ased crystal plasticity models for creep and fatigue have been
eveloped using an artificial neural network algorithm, implic-

tly incorporating effects of grain size, volume fraction and size.
t is evident that efficient, hierarchical crystal plasticity models

ith explicit relations to microstructural features are necessary

or unraveling the dependence of properties on microstructure.
he hierarchical framework may  be accomplished for Ni-based
uperalloys through the homogenization of lower (sub-grain) scale
esponse to develop higher (grain) scale constitutive relations. This
city finite element model for Ni-based superalloys: polycrystalline microstructure,
ogenized crystal plasticity FE model for a grain).

is achieved by incorporating parametric forms of subgrain-scale
morphological characteristics in grain-level constitutive relations.
Ghosh et al. have implemented computational homogenization
approaches using asymptotic expansion methods to develop
reduced order homogenized constitutive models for continuum
plasticity of polycrystalline metals [26] and ductile fracture in het-
erogeneous metals [27,28]. In recent papers [29,30], the authors
have developed a hierarchical model for Ni-based superalloys
from subgrain-scale to grain-scale crystal plasticity constitutive
model.

The present paper focusses on the use of the parametrically
homogenized crystal plasticity developed in [29,30] to simu-
late polycrystalline ensembles of Ni-based superalloys that are
governed by the characteristics of the subgrain scale �–� ′ pre-
cipitate morphology. Critical parameters representing the effect
of subgrain-scale morphology are directly incorporated in the
grain-scale crystal plasticity model, which then has the capa-
bility of representing mechanisms occurring at three scales, viz.
the sub-grain scale of precipitates, the grain scale of single
crystals and the scale of polycrystalline aggregates in a unified
framework. This is novel development for modeling Ni-based
superalloys. The hierarchical framework for realizing the crys-
tal plasticity model for polycrystalline superalloys is shown in
Fig. 1. The time-scales of both the sub-grain and the grain-scale
slip activity are similar. Hence, the strain-rates do not have to
be homogenized in the temporal scale. The strain-rates involved
in this model are in the range small to moderate range (≤103),
for which plasticity occurs primarily due to dislocation glide on
slip planes.

The paper briefly discusses the sequence of steps pursued to
create the framework. Section 2 introduces a dislocation density
crystal plasticity constitutive model with APB shearing of � ′ pre-
cipitates for modeling the sub-grain scale representative volume
element delineating explicit morphologies of the �–� ′ microstruc-
ture. Section 3 provides a framework for the development of an
activation energy-based crystal plasticity (AE-CP) model at the
scale of single crystals by homogenizing the sub-grain model
response and incorporating critical morphological parameters of

the sub-grain morphology [29,30]. This section also introduces
nucleation and evolution models for micro-twins. Section 4 incor-
porates the grain-scale AE-CP model in a framework for analyzing
polycrystalline microstructures.
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. Sub-grain scale RVE model

The two-phase binary Ni-based superalloy consists of a primary
atrix � phase (pure Ni) and a secondary intermetallic � ′ (Ni3Al)

hase as shown in Fig. 1. The primary phase is a solid solution with
 face-centered cubic or fcc crystal structure, with four planes of
nelastic slip corresponding to the {111} family, i.e. � in Miller
ndices. The secondary � ′ phase has an ordered crystalline lattice of
ype L12. In contrast to the � phase, cube slip systems of the {100}
amily accompany the octahedral slip systems of the {111} family
or this phase for some temperature ranges. Atoms of aluminum
re placed at the vertices of the cubic cell, while atoms of Ni are
ocated at centers of the faces as shown in Fig. 1.

The intermetallic � ′ phase has been known to exhibit an anoma-
ous dependence of the flow stress on temperature [31,32]. The flow
tress increases with increasing temperature to a peak value at a
ritical temperature of around 1000 K. Beyond this critical temper-
ture, the flow stress drops rapidly with increasing temperature.
t its peak, the flow stress is almost four times larger than its
alue at room temperature. This anomalous mechanical behavior
f � ′ phase is governed by a complex combination of underlying
islocation mechanisms. In the anomalous range (∼below 1000 K)
lip occurring on octahedral slip systems dominates the deforma-
ion process. Most of the dislocations in this temperature range
re immobile screw dislocations that lock in a Kear–Wilsdorf (or
W)  configuration [31]. A secondary mechanism that is responsi-
le for this behavior is the activation of cube slip systems. Cube
lanes are not closely packed planes in fcc materials and activation
f cube slip systems has been observed, especially at temperatures
bove the critical temperature of peak flow stress. Above this crit-
cal temperature, dislocations on cube planes are of both screw
nd edge dislocation type without any cross-slip. The major rea-
on for the anomalous yielding behavior of Ni3Al intermetallics is
rguably the hardening caused by pinned segments of screw dis-
ocations when they cross-slip from octahedral planes to the cube
lanes. While the anomalous behavior of the � ′ phase has been
eveloped in a recent paper [33], this paper will primarily focus
n the temperature range 650 ◦C ≤ � ≤ 800 ◦C for which, disloca-
ion glide on the primary octahedral plane is responsible for plastic
eformation.

A signed dislocation density-based crystal plasticity model
roposed in [34,35] is implemented to model rate-dependent
lastic behavior. These models incorporate evolution of statisti-
ally stored (SSD) and geometrically necessary dislocations (GND)
ue to the plastic deformation. Plastic strain gradient at the
–� ′ phase interface and grain boundaries lead to generation of
NDs. The micromechanical crystal plasticity model accommo-
ates multiplication and annihilation of SSDs in the �-channel
nd also accounts for APB shearing of � ′ precipitates by matrix
islocations.

.1. Dislocation density-based crystal plasticity model

Crystal deformation results from a combination of the elastic
tretching and rotation of the crystal lattice and plastic slip on
ifferent slip systems. Large-strain kinematics is accommodated
hrough a multiplicative decomposition of the total deformation
radient into an incompressible, inelastic component associated
ith pure slip, and an elastic component that accounts for elastic

tretching and rigid-body rotations, expressed as:
 = FeFp, s.t. det Fe > 1 and det Fp = 1 (1)

Evolution of plastic deformation is expressed in terms of the
lastic velocity gradient, the plastic shear rate �̇˛ on the slip system
mmunications 78 (2016) 34–46

˛, Schmid tensor s˛
0 ≡ m˛

0 ⊗ n˛
0 (in terms of the slip direction m˛

0
and slip plane normal n˛

0 in the reference configuration) as:

Lp = Ḟ
p
F−p =

N∑
˛=1

�̇˛m˛
0 ⊗ n˛

0 =
N∑

˛=1

�̇˛s˛
0 (2)

The stress–strain relation invokes the second Piola–Kirchhoff
stress and its work-conjugate Lagrange–Green strain tensor in the
intermediate configuration as:

S = det(Fe) Fe−1�Fe−T = C : Ee, Ee ≡ 1
2

{FeT Fe − I} (3)

I is the identity tensor, C is a fourth order anisotropic elasticity
tensor and � is the Cauchy stress tensor. The plastic shearing rate
on a slip system  ̨ is expressed using the Orowan equation as
�̇˛ = �˛

mbv˛, where �˛
m is the density of mobile dislocations, b is

the Burgers vector and v˛ is the velocity of dislocations that is a
function of the applied shear stress �˛, the passing stress �˛

pass in
the slip system and other slip system resistances, is written as:

v˛ = v◦ exp
(

− Q

KB�

)
sinh

(∣∣�˛
∣∣− �˛

pass

�˛
cut

)p

sign
(

�˛
)

(4)

The velocity of dislocations is a function of the applied shear
stress, the passing stress in the slip system and other slip system
resistances. Q is the activation energy barrier, kB is the Boltzmann’s
constant and � is the absolute temperature. Slip system resistances
are represented in terms of the passing stress due to the interaction
of mobile dislocations with other dislocations and their networks in
the slip plane, and the cutting stress �˛

cut due to the mobile disloca-
tions cutting the forest dislocations with density �˛

F perpendicular
to the slip plane. The stresses are expressed in [29,30] as:

�˛
pass = c3Gb

√
�˛

P + �˛
m, �˛

cut = c4KB�

b2

√
�˛

F (5)

where c3 and c4 are material constants and G is the shear modulus.
Contributions to the overall slip resistance are assumed to be due to
both the density of immobile, statistically stored dislocations �˛

SSD,
and the vector field of geometrically necessary dislocation density
�˛

GND. The rate of evolution of statistically stored dislocation density
�̇˛

SSD has been identified in [35] as the net effect of components
due to lock formation, dipole formation, athermal annihilation and
thermal annihilation as:

�̇˛
SSD = �̇˛+

SSDlf
+ �̇˛+

SSDdf
+ �̇˛−

SSDaa
+ �̇˛−

SSDta
(6)

Superscripts ± correspond to multiplication and annihilation
respectively. The rate increase due to lock formation, dipole forma-
tion, and decrease due to mechanisms of dislocation annihilation
due to thermal and athermal annihilation are respectively given as
[34]:

�̇˛
SSDlf

= c5

b

√
�˛

F �̇˛,

�̇˛
SSDdf

= c6

b

√
3Gb

16�(1 − �)
(|�˛| − �˛

pass)−1�˛
m�̇˛,

�̇˛
SSDaa

= −c7�˛
SSD�̇˛ and

�̇˛
SSDta

= −c8
D0b3

kB�
exp
(−Qbulk

kB�

)
(�˛

SSD)2|�˛|
(

�̇˛

�̇ref

)c9

(7)

where c5, c6, c7, c8 and c9 are material constants, D0 is the diffusion
co-efficient, Qbulk is the activation energy for dislocation climb and

�̇ref is a reference shear rate. Each of the contributing components
in Eq. (7) are functions of the slip rate, forest dislocation density,
density of statistically stored dislocations, component of applied
shear stress and the absolute temperature. Thus, a general form is
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Table 1
Stiffness for the sub-grain model.

Phase C11 = C22 = C33 C44 = C55 = C66 C12 = C13 = C23

� 201.7 GPa 104.5 GPa 134.4 GPa
� ′ 229.7 GPa 110.1 GPa 153.2 GPa

Fig. 2. Comparing CPFEM results with those for tension experiments under a con-
S. Ghosh et al. / Mechanics Resea

roposed as �̇˛
SSD = �̇˛

SSD( �̇˛, �˛
SSD, �F , �˛, �). The vector GND den-

ity rates depend on the gradient of plastic strain, written in terms
f Nye’s dislocation tensor �. The three scalar components, viz.
crew, edge and normal components of the GND density have been
erived in (Ma  et al., 2006). The material time derivative of the
ye’s dislocation tensor is decomposed for individual slip systems,

.e. �̇ =
(

N∑
˛=1

�̇
˛

)
to derive the GND density components as:

�̇˛
GNDs = 1

b
[∇X × ( �̇˛FT

Pn˛)].m˛,

�˛
GNDet = 1

b
[∇X × ( �̇˛FT

Pn˛)].t˛,

�̇˛
GNDen = 1

b
[∇X × ( �̇˛FT

Pn˛)].n˛

(8)

here m˛, n˛ and t˛ = (n˛ × m˛) are unit vectors in the slip direc-
ion of the Burgers vector, normal to the slip plane ˛, and tangent to
he edge dislocation direction respectively. Correspondingly, �̇˛

GNDs,
˙ ˛
GNDet and �̇˛

GNDen are the screw component and two edge compo-
ents parallel to n˛ and t˛ respectively. �X is the gradient operator

n the material coordinate system. The forest and parallel disloca-
ion densities are now written as functions of the SSDs and GNDs
34] with an interaction strength coefficient �˛ˇ between different
lip systems [37] as:

�˛
F =

N∑
ˇ=1

�˛ˇ

⎡
⎣�ˇ

SSD| cos(n˛, tˇ)| + �ˇ
GNDs| cos(n˛, mˇ)|+

�ˇ
GNDet| cos(n˛, tˇ)| + �ˇ

GNDen| cos(n˛, nˇ)|

⎤
⎦

�˛
P =

N∑
ˇ=1

�˛ˇ

⎡
⎣�ˇ

SSD| sin(n˛, tˇ)| + �ˇ
GNDs| sin(n˛, mˇ)|+

�ˇ
GNDet| sin(n˛, tˇ)| + �ˇ

GNDen| sin(n˛, nˇ)|

⎤
⎦

c (9)

hich evolve with the SSDs and GNDs due to plastic deformation
nd hardening mechanisms. The density of mobile dislocations is
omputed as a function of forest and parallel dislocation density
nd the temperature as [34]:

˛
m =

c10kB�
√

�˛
F �˛

P

Gb3
(10)

.2. Criteria for � ′ phase anti-phase boundary shearing

Matrix dislocations in the disordered fcc matrix � phase can-
ot enter the ordered � ′ phase, characterized by crystalline lattice
tructure L12, initially. However, the matrix dislocations can form
uper-dislocations at the �–� ′ interface and enter the � ′ phase
hrough the mechanism of anti-phase boundary or APB shearing
pon reaching a critical condition [6]. The � ′ phase APB shearing

s assumed to take place when the following conditions are met  at
he interface:

i) �˛ > �c and (ii) �˛
m > �c (11)

The corresponding flow rule for the � ′ phase is expressed as:

�̇˛ = H(�˛
m − �c)�˛

mbv˛ where

v˛ = 	
 exp

{
− Q

KBT

(
1 − 〈�˛ − �˛

pass〉H(�˛ − �c)

�˛
cut

)}
sgn(�˛)

(12)
here H(�˛
m − �c) and H(�˛ − �c) are Heaviside functions, �c is the

ritical resolved shear stress and �c is the critical density at the
nterface.
stant strain rate 0.0001 s−1with FEM model for cubic precipitates with the volume
fraction of 70% and edge length 0.5 �m.: volume-averaged Cauchy stress-true (log-
arithmic) strain response.

2.3. Calibration and validation of constitutive model

Selected constitutive parameters in the crystal plasticity model
with APB shearing have been calibrated with experimental data
for the alloy CMSX-4 in [29,30]. Constants c1 and c2 in Eq. (5) and
constants c3, c4, c5, c6 and c7 in Eq. (7) are calibrated using exper-
imental data from tensile constant strain-rate tests in [37]. The
critical shear stress �c and the threshold dislocation density �c in
Eq. (11) are calibrated from the tension creep experimental data in
[38]. These are:

c1 = 1.7 × 1016, c2 = 3.77, c3 = 4, c4 = 100

c5 = 1.0 × 10−3, c6 = 1.0 × 10−4, c7 = c8 = 100,

c9 = 100, c10 = 25,  p = 0.5.

The elastic stiffness tensor C˛ˇ = Cˇ˛(  ̨ = 1, . . .,  6,  ̌ = 1, . . .,  6) is
considered to be isotropic for both phases, for which the non-zero
components at 800 ◦C are obtained from [39] as shown in Table 1.

In addition, b = 2.49 nm and Q = 6.5 × 10−19 J are handbook val-
ues.

To validate the crystal plasticity constitutive relations with
APB shearing, the CPFEM analyses results have been compared
in [29,30] with experimental data from [37,38]. The RVE is for a
regular array of cubic precipitates with a 70% volume fraction, as
shown in Fig. 2(a). Its dimensions are 0.5 �m × 0.5 �m × 0.5 �m.
The edge length of cubic � ′particles, allocated symmetrically at the
eight corners, is 0.45 �m.  The CPFE model of the microstructural
RVE is discretized into 2200, 8-noded brick elements using selec-
tive reduced integration. CPFEM simulations are conducted with
an applied strain-rate of 0.001 s−1 in the y-direction at 800 ◦C.
A tensile constant strain-rate is applied to the top y-surface in
Fig. 2 (inset), while rigid body modes are suppressed by apply-
ing boundary conditions on the bottom y-surface as: uy = 0 on all

nodes ux = 0 on nodes on the line x = 0.25 �m and uz = 0 on nodes
on the line z = 0.25 �m.  The volume-averaged Cauchy stresses �̄  =

1
˝RVE

∫
˝RVE

�(x, t)dV over the RVE �RVE and the averaged true (log-

arithmic) strain expressed as: ε̄ = ln(ly/l0y) = ln(l0y + ūy/l0y) are
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Fig. 3. Effect of APB shearing for RVE with cubic � ′ precipitates: mobile dislocation
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equivalent plastic strain ε̄p = 2
3 εp

ij
εp

ij
is defined in terms of the
ensity evolution within � channels and through � ′ precipitates.

omputed for the RVE where l0y and ūy are respectively the ini-
ial dimension and the y-direction displacement of the top surface
f the RVE. The volume-averaged stress–strain response is com-
ared with experimental data from [38] in Fig. 2. There is a good
greement between the experimental and model predictions.

A host of other simulations have been conducted in
29,34] to validate the sub-grain CP model as well as
o explore the effect of variations in the microstructural

orphology.

.4. Effect of APB shearing and precipitate shape on overall
esponse

The volume-averaged stress–strain response by dislocation
ensity-based CPFEM simulations for the RVE in the previous
ection, with and without the activation of APB shearing of � ′

recipitates is studied [30]. In the absence of the � ′ phase, the over-
ll yield strength, as well the hardening is considerably low. The
tress–strain response is rather stiff if the APB shearing mechanism
s not activated in the high volume fraction (∼70%) � ′ phase that has
ero initial dislocation density. Accumulation of dislocation density
t the �–� ′ phase interface with high stresses leads to APB shear-
ng, with super-dislocations entering the � ′-phase and softening
he overall response. Accurate representation of the stress–strain
esponse requires incorporation of APB shearing criteria and asso-
iated relations for � ′-phase plastic flow.

Three different stages of deformation are identified in the
tress–strain response [30]. During initial deformation (state 1),
oth phases behave elastically and there is no plastic deformation

n the domain. From the end of state 1 to the onset of volumet-
ic yielding (state 2), the �-phase experiences plastic deformation
nd SSDs start to evolve, with a plastic strain gradient building
specially near the �–� ′ interfaces. To preserve lattice continuity,
he GNDs must evolve causing an increase in mobile dislocation
ensity. The distribution of �m along the x-axis at state 2 reveals

ittle difference in �m for states 1 and 2 in the � ′ phase. How-
ver, this difference is significant in the � – channel due to the
volution of GNDs. In the post APB shearing stage, the � ′-phase
xperiences plastic deformation with considerable rise in �m. At
tate 2, corresponding to the activation of APB shearing, the initial
alue of �m does not change in the � ′ phase. Beyond this state,

m starts to evolve and reaches the distribution in Fig. 3 at 5%
train.
mmunications 78 (2016) 34–46

3. Grain-scale crystal plasticity model

3.1. Homogenized activation energy-based crystal Plasticity
(AE-CP) model

Results of simulation of the sub-grain RVE model, discussed in
Section 2, are homogenized to generate constitutive parameters
for a grain-scale activation energy-based crystal plasticity (AE-CP)
model. Determination of parameters is assumed to be governed by
the Hill-Mandel principle of macro-homogeneity [39] expressed as:

〈�〉 : 〈D〉 = 1
˝RVE

∫
˝RVE

�dV :
1

˝RVE

∫
˝RVE

DdV = 1
˝RVE

∫
˝RVE

� : DdV = 〈� : D〉 (13)

Here � and D correspond to the Cauchy stress and the rate of
deformation tensors respectively and the symbol 〈·〉 corresponds to
volume averaging over the RVE domain. The constitutive param-
eters are formulated in terms of morphological variables and
are calibrated by computational homogenization. The proposed
grain-scale, homogenized crystal plasticity model for Ni-based
superalloys follows the framework of activation energy-based
crystal plasticity (AE-CP) models [22,40,41]. The homogenized con-
stitutive model incorporates an evolving thermal shear resistance
as well as an athermal shear resistance due to plastic deforma-
tion. For a slip system ˛, the plastic shearing rate follows from the
Orowan equation as:

�̇˛=

⎧⎪⎨
⎪⎩

0 if �˛
eff ≤ 0

�̇˛
∗ exp

{
− Q

kB�

(
1−
[ |�˛

eff|
s˛∗

]p)q
}

sgn(�˛) if  0 ≤ �˛
eff ≤ s˛∗

(14)

Here Q is the activation energy barrier,
kB(= 1.3807 × 10−23 J K−1) is the Boltzmann’s constant, � is the
temperature and exponents p, q are material constants. For the
slip system ˛, �̇˛∗ is a reference strain-rate, �˛

eff(= |�˛| − s˛
a ) is

the effective resolved shear stress. The temperature-dependent
critical slip resistance s˛(> 0) is assumed to be comprised of a ther-
mally activated obstacle to slip s˛∗ and a part due to the athermal
obstacles s˛

a . The athermal and thermal shear resistances s˛
a and s˛∗

correspond to the passing and cutting stress barriers respectively.
The difference between the athermal shear resistance and the
resolved shear stress is the driving force for dislocation motion
on the slip system ˛. �̇˛∗ can evolve with the activation of APB
shearing, when the �–phase experiences plastic deformation with
increasing dislocation density, especially near the �–� ′ interfaces.
This deformation effect can be significant for some � ′ precipitate
shapes, e.g. spherical, but not as strong for cuboidal. A yield point
phenomenon is applied to introduce a morphology dependent
functional form for �̇˛∗ [29,30] as:

�̇∗ = H(ε̄p − lp) �̇0

{
tanh(k) + tanh(klp)

10{tanh[k∗(ε̄p − lp)] + tanh(klp)} − 1

}
+ �̇0

(15)

where H is the Heaviside step function, �̇0 corresponds to the initial
strain rate and lp, k, k* are material constants. In this work lp = 10−4

and k and k* are derived in terms of morphological parameters. The( √ )

Lagrangian plastic strain εp

ij
= 1

2 (FpT
ij

Fp
ij

− ıij). Consequently, evolu-
tion laws for thermal and athermal shear resistances, contributing
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o the overall slip resistance s˛, are proposed in terms of the plastic
train rate. The thermal shear resistance, accounting for forest dis-
ocations normal to the slip plane and the athermal shear resistance
eflecting the effect of parallel dislocations in the slip direction m˛,
re expressed as:

ṡ˛
a =

n∑
ˇ=1

h˛ˇ
a

∣∣�̇ˇ sin(n˛, tˇ)
∣∣ ,

ṡ˛∗ =
n∑

ˇ=1

h˛ˇ
∗
∣∣�̇ˇ cos(n˛, tˇ)

∣∣ (16)

here n˛ is slip-plane normal, t˛ = m˛ × n˛, and the total shear

esistance is ṡ˛ =
√

(ṡ˛
a )2 + (ṡ˛∗ )2. The initial values of the athermal

nd thermal shear resistances are respectively s˛
a0, s˛

∗0. For conve-
ience, coefficients accounting for the interactions between slip
ystems are taken to be the same i.e. h˛ˇ

a = h˛ˇ
∗ = h˛ˇ. Each com-

onent of h˛ˇ is the deformation resistance on slip system  ̨ due to
hearing on slip system ˇ. It describes both self and latent harden-
ng as:

h˛ˇ = q˛ˇhˇ, where

hˇ =
[

h0

(
1 − sˇ

sˇ
sat

)r]
sign

(
1 − sˇ

sˇ
sat

)
(17)

The parameter hˇ denotes the resistance dependent self-
ardening rate, sˇ

sat is the saturation value of reference shear
tress and r is a constant exponent. The coefficient is given as
˛ˇ = q + (1 − q)ı˛ˇ, where q is a latent-hardening parameter chosen
s 1.4.

.2. Sub-grain morphological parameters

Three characteristic parameters representing the sub-grain
icrostructural morphology in Fig. 1, are delineated as: (i) � ′ vol-

me fraction �p, (ii) � ′ shape factor n and, (iii) minimum limiting
hannel-width lc between � ′ precipitates. The volume fraction is
xpressed as the ratio of the � ′ precipitate volume to the RVE vol-
me, i.e. �p = ˝� ′ /˝RVE. The shape factor is described in terms of

he exponent of a generalized ellipsoid:
(

x
a

)n +
(

y
b

)n +
(

z
c

)n = 1,
here a, b and c are the dimensions of the three principal axes and

 is shape exponent. Here a = b = c is assumed to represent equiaxed
recipitates. A value n = 2 corresponds to a sphere while n → ∞ cor-
esponds to a cube. To avoid a singular value of n a transformed
hape factor n1 = tan−1(n) is used in the parameterization.

The effect of these morphological parameters on the volume-
veraged stress–strain response of the RVE using the sub-grain
islocation density CPFE simulations has been examined kin [29].
or each simulation conducted at 0.0001 s−1 and 800 ◦C, one of
he parameters is varied, while the other two  are held constant.
ariables considered are (i) cubic precipitates of volume frac-

ions 75.13% and 57.87%, (ii) shape factors n = 2.0 and ∞,  and (iii)
hannel-width lc = 0.29 �m and lc = 0.29 �m for cubic precipitates
f 29.63% volume fraction. Results have shown that with increasing
olume fraction, the post-yield plastic response does not change
oo much even though the yield strength increases. The yield
trength changes and the plastic response diverges with increas-
ng strain for different shapes. The plastic response changes with
ncreasing channel-width, while the yield strength decreases only
lightly.
Plastic slip and hardening parameters in the grain-scale AE-CP
odel are functions of the SSDs and GNDs. SSDs do not gener-

lly change much with morphological variables i.e. they are size
ndependent, but GNDs can vary significantly with precipitate
mmunications 78 (2016) 34–46 39

shape and size. Forest and parallel components of dislocation den-
sities may  be expressed as:

�F(�SSD, �GND) = �F(�˛, ∇�˛), �P(�SSD, �GND) = �P(�˛, ∇�˛)

(18)

Crystal plasticity hardening parameters are functions of the
plastic slip �˛ due to SSD’s. Morphological parameters should also
be incorporated in these functions to account for the effect of GNDs
or gradient of plastic shear strain. Sensitivity analyses indicate that
the initial thermal shear resistance and its rate, the reference slip-
rate �̇∗ and the saturation shear stress sa

sar are functions of the
morphology. In Eqs. (19)–(21) parameters are derived in terms of
morphological parameters as well as (�˛, ∇ �˛) as:

ṡ˛∗ (n1, �p, lc) =
n∑

ˇ=1

h˛ˇ(n1, �p, lc)
∣∣�̇ˇ cos(n˛, tˇ)

∣∣
=

n∑
ˇ=1

[
h0

(
1− sˇ

sˇ
sat(n1, �p, lc)

)r]
sgn(1− sˇ

sˇ
sat

)
∣∣�̇ˇ cos(n˛, tˇ)

∣∣ (a)

�̇∗(n1, �p, lc) = H(ε̄p − lp) �̇0

×
{

tanh[k(n1, �p, lc)] + tanh[k(n1, �p, lc)lp]
10{tanh[k∗(n1, �p, lc)(ε̄p − lp)] + tanh[k(n1, �p, lc)lp]} − 1

}
+ �̇0 (b)

(19)

The initial strain rate �̇0 and hardening parameter h0 are insen-
sitive to the morphology.

3.3. Calibrating the grain scale AE-CP model parameters

Eqs. (14)–(17) and (19) contain a number of material param-
eters, some of which vary with the morphology while others
are independently constant. The constant material parameters
that should be experimentally calibrated for the AE-CP model
are the activation energy Q and exponents p, q in Eq. (14),
�̇0 in Eq. (15) and hardening parameter h0 and exponent r in
Eq. (16). These parameters have been calibrated in [29,30] for
single crystal CMSX-4 using experimental data from tensile con-
stant strain-rate and creep tests in [38,39]. The parameters are
Q(J) = 6.5 × 10−1, p = 0.7, q = 1;15, h0 = 1300, r = 1.115, �̇0(s−1) = 5 ×
107. Subsequently, the morphology-dependent AE-CP parameters
s˛
∗0(n1, �p, lc), k∗(n1, �p, lc), k(n1, �p, lc) and sˇ

sat(n1, �p, lc) in Eq.
(19) are calibrated from the simulated volume-averaged response
of the sub-grain RVE model. These simulations are conducted
under a constant strain-rate of 0.0001 s−1 in the [010] direction
at 800 ◦C. The calibration process has involved 37 different RVE
microstructures. The homogenized AE-CP model parameters are
calibrated with the averaged stress–strain responses from the RVE
model.

3.4. Functional forms of homogenized AE-CP constitutive
parameters

Functional forms of the constitutive parameters
s˛
∗0(n1, �p, lc), k∗(n1, �p, lc), k(n1, �p, lc) and sˇ

sat(n1, �p, lc)
in Eq. (19) are generated for representing the effect of morphology
on the single crystal behavior. The functional forms have been
derived by computational homogenization involving a large

number of sub-grain RVE model simulations with varying volume
fractions, channel-widths and shapes. In this process the homog-
enized material (e.g. stress–strain) behavior of the polycrystalline
ensemble is first derived from the energy-equivalence in the
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Fig. 4. Reconstructing virtual microstructure of polycrystalline René-88 DT: (a) 3D
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ill-Mandel condition. The AE-CP model is then mapped on the
omogenized constitutive behavior, for which specific constitutive
ariables and their evolutions are computed. Sensitivity analyses
re conducted by varying each morphological parameter to assess
unctional dependencies. Following the establishment of the
unctional forms, coefficients are determined by solving a set of
east square minimization problems [30,31]. They are expressed
s:

˛
∗0(n1, �p, lc) = a1(n1, vp) + b1(n1, vp)√

lc

= 1039 + 559vp − 99n1 − 136vpn1

+ −0.1 + 89vp + 53n1 − 90vpn1√
lc

(20)

˛
sat(n1, �p, lc) = a2(n1, vp) + b2(n1, vp)

lc

= 3185 − 8905vp − 1648n1 + 6680vpn1

+ −0.21 + 5008vp + 363n1 − 3599vpn1

lc
(21)

∗(n1, �p, lc) = 65 − 7500vp + 33n1 − 2700lc + 12768vpn1

− 23120vplc + 4080n1lc − 19847vpn1lc (22)

(n1, �p, lc) = a3(n1, vp) + b3(n1, vp)√
lc

= 5.5 − 327.6vp + 31.5n1 + 221.4vpn1

+ 0.14 + 281.2vp − 2.44n1 − 176.5vpn1√
lc

(23)

The explicit dependence on channel-width lc reflects the size-
ffect due to the presence of GNDs in the sub-grain dislocation
ensity CP model. In Eqs. (20)–(23) the unit of lc is �m,  while the
nits of initial thermal resistance and saturation shear resistance

n Eqs. (20) and (21) are MPa.

.5. Verification and validation of the homogenized AE-CP model

Two sets of verification and validation tests are conducted for
he homogenized AE-CP constitutive model. In the first verification
et, the results of a single grain, crystal plasticity FEM analysis with
he calibrated homogenized AE-CP constitutive model are com-
ared with the averaged response of a sub-grain RVE (SG-RVE)
nalysis. Three cases, corresponding to different microstructures,
re considered for simulation. These are:

Case 1: n = 10,  vp = 44%, lc = 0.135 �m;
Case 2: n = 1.5, vp = 22%, lc = 0.260 �m;
Case 3: n = ∞,  vp = 30%, lc = 0.576 �m

Simulations for both the AE-CP and SG-RVE FE models were con-
ucted for an applied strain-rate of 0.0001 s−1 in the y-direction
t 800 ◦C. Excellent agreement is obtained has been seen between
he homogenized grain-scale AE-CPFE model with morphological
arameters and the explicit sub-grain RVE model. A notable advan-

age of the homogenized model is the significant efficiency gain
ver explicit RVE models. For this example, the gain in efficiency is
f the order of 104 (few seconds for AE-CPFE model) with identical
esponse.
EBSD data, (b) filtering fine scale features, (c and d) erosion, dilation, edge refinement
(e  and f) boundary smoothing process, and (g and h) transformation of the EBSD to
a  FE mesh.

The second example conducted in [30] involved validating the
AE-CP constitutive model with results from creep experiments in
[44] for single crystal CMSX-4 with 70% volume fraction of � ′ pre-
cipitates for two tensile loads of 650 and 770 MPa  in the [001]
direction at 750 ◦C. CPFEM analyses with the homogenized param-
eters are conducted for a single grain under these conditions. The
simulated logarithmic strain-time response by the simulations has
been compared with the experimental results in [29] with good
agreement.

Single crystal experiments on Ni-based superalloys also show
considerable tension-compression asymmetry. Large difference in
the creep response for single crystals loaded in the [001] and [011]
directions under tension and compression conditions has been
reported in [37,38]. APB shearing is responsible for the difference
in tension and compression tests in the [001] direction. Trans-
mission electron microscopy observations in [9] have reported
micro-twinning mechanism for high temperature creep deforma-
tion. To account for this asymmetry, a micro-twinning model has
been incorporated in the grain-scale crystal plasticity formulation,
as described in [29,30]. The crystal plasticity FE model satisfacto-
rily predicts single crystal experimental data, including micro-twin
induced tension-compression asymmetry.

4. AE-CP model for polycrystalline microstructures

Polycrystalline microstructures of Ni-based superalloys are
modeled using the homogenized AE-CP model with parametric rep-
resentation of the �–� ′ microstructure, together with micro-twin
evolution models. For modeling polycrystalline microstructures
however, the AE-CP model should be modified to account for grain
boundary lattice incompatibility. Hardening laws, accounting for
GNDs, have been proposed to address lattice incompatibility in
[44] using the Nye tensor along the slip plane normal. In the
present study, the dislocation density-based slip relations have
been extended to take into account lattice incompatibility. The
hardening parameters in Eq. (16) are augmented to account for
lattice deformation incompatibility at grain boundaries due to plas-
tic strain gradients leading to dislocation pileup. The athermal and
thermal shear resistances in Eq. (16) are each divided into two parts,
corresponding to SSDs and GNDs as:

s˛
a = s˛

a,SSD + s˛
a,GND, s˛

∗ = s˛
∗,SSD + s˛

∗,GND (25)
where

s˛
a,GND = c̄1Gb

√
�˛

GP, s˛
∗,GND = Q

c̄2b2

√
�˛

GF (26)
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Fig. 5. Virtual polycrystalline microstructural FE models of René-88 DT including
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wins: (a) generated by direct implementation, (b) generated by equivalence of
tatistical data and (c) stress–strain response from simulations of the DI and SEM
enerated microstructures with and without twins.

These relations are consistent with those in the sub-grain scale
odel in Eq. (5), where the cutting and passing shear resistances are

xpressed as functions of parallel and forest dislocation densities. In
q. (26) c̄1 and c̄2 are material constants, and �˛

GP, �˛
GF are parallel

nd forest dislocation densities resulting from GNDs corresponding
o Eq. (9). They may  be written as:

�˛
GP =

N∑
ˇ=1

�˛ˇ

⎧⎨
⎩

�ˇ
GNDs| sin(n˛, mˇ)| + �ˇ

GNDet| sin(n˛, tˇ)|+

�ˇ
GNDen| sin(n˛, nˇ)|

⎫⎬
⎭

�˛
GF =

N∑
ˇ=1

�˛ˇ

⎧⎨
⎩

�ˇ
GNDs| cos(n˛, mˇ)| + �ˇ

GNDet| cos(n˛, tˇ)|+

�ˇ
GNDen| cos(n˛, nˇ)|

⎫⎬
⎭

(27)

here �˛ˇ is the interaction strength coefficient and �GNDs, �GNDet,
GNDen are the screw and two edge components of the GND den-
ities respectively. Implementation of GND based hardness in the
olycrystalline AE-CP model is discussed in [31].

.1. 3D virtual polycrystalline microstructure simulation and
esh generation

Virtual polycrystalline microstructures are generated using
ethods and codes described in [45–47], by matching morpho-
ogical and crystallographic statistics obtained from electron back-
cattered diffraction (or EBSD) data of microstructural sections
rovided by Pollock [48]. The virtual microstructures are subse-
uently used in the image-based CPFE models of the superalloy
Fig. 6. Stress states during various stages of uniaxial loading: (a) volumetric
stress–strain response, (b) stress field in the deformed microstructure at 10% total
strain, and (c) spatial distributions of the stress field at four different strain levels.

René-88 DT, dominated by annealing 
3 twin boundaries with
a specific 60◦ misorientation angle about <111> directions [49].
The annealing twins that develop during material processing have
large aspect ratios as shown in Fig. 4(a). The geometric disparity
of these twins requires mesh localization at these areas relative to
the remainder of the polycrystalline structure. In resolving the twin
bands and maintaining a large sample size, the voxelized 3D recon-
struction often contains flaws like disconnected defects or hooked
features near grain boundaries, due to experimental resolution. The
flaws are eliminated through filtration and smoothing techniques
illustrated in Fig. 4.

Two  methods are pursued for developing virtual images and
finite element models of the actual microstructures. They are
termed as (i) direct implementation (DI) method and (ii) statis-
tically equivalent microstructure (SEM) generation method. The
DI method uses the commercial code Simmetrix [50] to directly
implement the actual microstructure derived from EBSD and serial
sectioning-based reconstruction in the FE model. The structural
data is filtered with minimal data treatment and a significant
percentage of annealing twins is preserved in this method. The pri-
mary steps in transforming a voxel dataset into a finite element
mesh include volume thresholding, erosion, dilation, edge refine-
ment, boundary smoothing, vertex repositioning, and curvature
refined meshing. The steps and the final polycrystalline FE model

are shown sequentially in Fig. 4. The SEM method uses the code
DREAM.3D [51] to generate statistically equivalent “synthetic rep-
resentation” of the microstructure, based on statistical features of
the 3D microstructure. The primary structural and crystallographic
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ig. 7. Analysis of a cross section normal to the loading direction at 4% total strain:
lastic  strain over several grain boundaries.

haracteristics such as grain size, number of neighboring grains,
rientation, and misorientation are matched to the corresponding
tatistical distributions of the data. Fig. 5(a and b) shows the poly-
rystalline microstructure containing annealing twin generated by
he two methods. Fig. 5(a) by the DI method contains 206 grains
hat are discretized into 180,203 linear tetrahedral elements with
9,975 degrees of freedom. Fig. 5(b) by the SEM method on the other
and, has 197 grains discretized into 138,290 tetrahedral elements
aving 75,468 degrees of freedom.
.2. Polycrystalline microstructure simulation

The virtual polycrystalline microstructures developed
y the DI method (Simmetrix/Actual) and SEM method
entification of twin boundaries, (b) variation of von Mises stress and (c) equivalent

(DREAM.3D/Synthetic) are prepared for crystal plasticity finite
element simulations using the grain-scale AE-CP constitutive
models. Results of a constant strain-rate tension test simulation
for different microstructures, for various sub-grain morphological
conditions are shown in the figures next. The competing activation
of microstructural mechanisms controls the overall elastic-plastic
response of the polycrystalline material. Local variations in stress
and plastic strain are observed to be highly dependent on the
grain structure and concentrate near twin bands, where favorably
oriented grains reside.
The stress–strain response of the virtual polycrystalline
microstructures generated by the DI and SEM methods (Fig. 6(a)
and (b)) are compared in Fig. 5(c). The results for both
microstructures show good agreement, which reveals that the
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ig. 8. Comparison of the stress response in virtual microstructures; (a) spatial dis
wins.

ffects of morphology and crystallography can be captured by the
tatistics of EBSD scans. Implementation of statistically equivalent
icrostructures can reduce the effort required for material char-

cterization and mechanical experiments. Fig. 5(c) also shows the
esponse without considering annealing twins. Removal of twins
educes the elastic modulus of the superalloy as well as softens
he material in the plastic region. This reduction of strength is
olely due to the variation of microstructural features. The com-
lex twinned structure creates a large degree of heterogeneity in
he response fields of the material that cannot be captured by a
olume-averaged measure.

Local stress variations are quantified by observing the spatial
istribution over the entire polycrystalline domain. Fig. 6 shows the
tress states in a DI method-based microstructure containing twins,
ith increasing strain. Fig. 6(c) shows the probability distribution

f the stresses with increasing strain, illustrating the probability of

bserving a given stress state at any location in the volume. Dur-
ng elastic deformation, the stress distribution remains relatively
niform, while the spatial average quickly escalates to the yield
trength. As strain increases further, the onset of plastic flow causes
ion of stress and (b) contour plots in microstructures with and without annealing

a stagnation in the mean stress evolution while inducing a drastic
redistribution of the remaining field. This redistribution of stresses
indicates an increased likelihood of a localized events and large
extremums, both in tension and compression.

Twin boundaries plays an important role in the mechanical
response of the superalloy. Each grain boundary for a particular
cross section of the microstructure is categorized, as shown in
Fig. 7(a), to observe correlations between orientation and variations
of local fields. 
3  twin boundaries are detected by measuring the
misorientation angle and rotation axis between neighboring grains.
The stress state oscillates significantly across the microstructure
with a period corresponding to the geometry of the twins. Due
to high aspect ratios, the twinned regions create large changes in
stress, on the order of 500 MPa, over relatively small length scales
(1–10 �m).  This creates steep gradients at each shift in orienta-
tion. The local plastic strain also undergoes an oscillatory behavior

throughout the twin structure. In this case, the peaks occur at the
boundaries and vary within each individual grain. Furthermore, the
triple junction composed of various grain boundary characters (a
combination of boundaries 1, 2, and 3 in Fig. 7(a)) promotes the
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Fig. 9. Comparison for microstructures having varying sub-grain morphology: (a) depiction of the graded � ′ volume fraction field, (b) increasing volume fraction path on a
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ross  section normal to loading, (c) equivalent plastic strain along cross section, an
icrostructures.

argest accumulation of plasticity and is an active site for dislocation
ggregation.

.2.1. Effect of annealing twins on stress fields
The overall effect of annealing twins is assessed by compar-

ng results of the DI method based polycrystalline microstructure
actual) to that with twins removed. A 15 degree tolerance is
pplied to the misorientation angle and rotation axis between
rains to determine whether a twin boundary is present. Once iden-
ified, the twins are removed from the parent grains. The resultant

icrostructure is loaded in uniaxial tension. This removal of com-
lex twins produces a significant reduction in the variance of the
tress field. The spatial distributions, shown in Fig. 8(a), demon-
trate a notable increase in the upper and lower bounds in the
tress for the twinned microstructure indicating many regions of
ocalization caused by the existence of twins. At 10% total strain,

zz = 1550 ± 3000 MPa  and �zz = 1420 ± 1850 MPa  with annealing
wins and without twins, respectively. The bounds contain 99% of
he stress field.

.2.2. Effect of varying sub-grain morphology
In this example, the effect of varying constitutive response at the

cale of the polycrystalline microstructures due to local variation in
ub-grain morphology, is studied. A microstructure with sub-grain
orphology is shown in Fig. 9(a). The volume fraction of the � ′

hase is graded through the material in one direction, ranging from

5% to 70%. The equivalent plastic strain is computed along a line
hrough a cross section of the microstructure and compared to the
ame polycrystalline structure with a uniform � ′ volume fraction of
2%. At the locations where the graded material has lower volume
 relative difference in plastic strain between graded and constant volume fraction

fraction, plastic strain becomes 10–15% higher due to a reduction in
hardening from the depletion of the precipitate phase. On the other
end of the microstructure where the volume fraction of the graded
material is larger than 42%, the opposite effect is observed. The � ′

phase strengthens the grains and resists plastic yielding. The capa-
bility of the model to account for the influence of the lower scale
precipitate structure allows for great freedom in the design process
of superalloys. A structural component can be functionally graded
to optimize performance and design objectives, and the model can
guide the manufacturing targets while minimizing needs for costly
mechanical experiments.

5. Summary and conclusions

This paper uses a homogenized grain-scale crystal plasticity
model for modeling polycrystalline microstructures of Ni-based
superalloys. An activation energy-based crystal plasticity (AE-CP)
FEM model is developed incorporating characteristic parameters
of the sub-grain scale �–� ′ morphology. Hardening evolution laws
are developed to reflect the effect of dislocation density distribu-
tions from the sub-grain RVE model, which represents deformation
mechanisms. The homogenized model incorporates the effect of
important characteristics of the sub-grain �–� ′ morphology, viz.
the volume fraction and shape of the � ′ precipitates and the
� channel-width. Parametric representations of these sub-grain
morphology variables are incorporated in evolution laws of the

homogenized AE-CP model that include both thermal and athermal
shear resistance. Three homogenized parameters, viz. the thermal
shear resistance, the saturation shear resistance and the reference
slip-rate are expressed as functions of the sub-grain morphology
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ariables. Size dependence that is explicitly represented in the
ub-grain dislocation density crystal plasticity model through the
resence of geometrically necessary dislocations is reflected in the
omogenized AE-CP model through the explicit dependence on the
hannel-width. The AE-CP model is found to accurately reproduce
he stress–strain response of the RVE for a range of microstructural
ariations. It is also found to agree quite well with results of exper-
mental studies on single crystal superalloys in the literature. A
ignificant advantage of this homogenized AE-CP model is that its
igh efficiency enables it to be effectively incorporated in poly-
rystalline crystal plasticity FE simulations, while retaining the
ccuracy of detailed RVE models. It would be impossible to simulate
olycrystalline microstructures with direct numerical simulation
f the subgrain morphology otherwise. Grain-scale micro-twinning
s taken into account through a micro-twin nucleation and evolu-
ion model that is incorporated alongside the homogenized AE-CP

odel. Tension-compression asymmetry, observed in creep exper-
ments, is well represented by this model. The grain-scale model is
lso augmented with the effect of GNDs in the hardness formula-
ions to compensate for lattice incompatibility. The parametrically
omogenized AE-CP constitutive model implicitly retains the effect
f microstructure morphology while reducing computational cost
y several orders of magnitude without significant loss of accuracy.
his is necessary for meaningful simulations that can be corrobo-
ated by experiments.

Virtual polycrystalline microstructural models of the superalloy
ené-88 DT are created by two methods, viz. the direct implemen-
ation (DI) method and the statistically equivalent microstructure
SEM) generation method. Constant strain-rate simulations of
ension tests show similar behavior of both the instantiations.
owever, the simulations conclude that annealing twins have a

ignificant influence on the overall polycrystalline behavior as well
s on the local behavior. Finally, the effect of gradients in the sub-
rain scale morphological parameters on the overall polycrystalline
ehavior is demonstrated. In summary, the hierarchical model
emonstrates the capability of representing mechanisms occur-
ing at three scales, viz. the sub-grain scale of �–� ′ precipitates, the
rain scale of single crystals and the scale of polycrystalline aggre-
ates in a unified framework for predicting deformation behavior
nder different loading conditions, This is a novel development in
he literature of Ni-based superalloys, for which behavior at the

acro-scales is strongly governed by behavior at the lower-scales.
ost models in the literature do not explicitly incorporate para-
etric forms of the lower scales. In this regard, the present model

s expected to provide a strong pathway to lower-scale material
esign.
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